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Abstract
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Doctor of Philosophy
Probing the Possible TeV Scale See-saw Origin of Neutrino Masses with
Charged Lepton Flavour Violation Processes and Neutrino Mass
Spectroscopy Using Atoms
by Dinh Nguyen Dinh
In the rst part of this thesis, we perform a detailed analysis of lepton avour violation
(LFV) within minimal see-saw type extensions of the Standard Model (SM), which give
a viable mechanism of neutrino mass generation and provide new particle content at the
electroweak scale. We focus, mainly, on predictions and constraints set on each scenario
from muon and tau decays ( ! e,  ! 3e,  ! (; e) and  ! 3) and    e
conversion in the nuclei. In particular, we show that in some regions of the parameters
space of type I and type II see-saw models, the Dirac and Majorana phases of the
neutrino mixing matrix, the ordering and hierarchy of the light neutrino mass spectrum
as well as the value of the reactor mixing angle 13 may considerably aect the size
of the LFV observables. Besides, the possibilities to observe the LFV processes in the
present and future experiments are also considered. The analytic results of the LFV
rates might help to discriminate between the three types of neutrino mass generation
models considered.
In the second part of the thesis, we study a process of collective de-excitation of atoms
in a metastable level into emission mode of a single photon plus a neutrino pair, called
radiative emission of neutrino pair (RENP). This process is sensitive to the absolute
neutrino mass scale, to the neutrino mass hierarchy and to the nature (Dirac or Majo-
rana) of massive neutrinos. We investigate how the indicated neutrino mass and mixing
observables can be determined from the measurement of the corresponding continuous
photon spectrum on the example of a transition between specic levels of the Yb atom.
The possibility of determining the nature of massive neutrinos and, if neutrinos are Ma-
jorana fermions, of obtaining information about the Majorana phases in the neutrino
mixing matrix, is analyzed in the cases of normal hierarchical, inverted hierarchical and

vquasi-degenerate types of neutrino mass spectrum. We nd, in particular, that the
sensitivity to the nature of massive neutrinos depends critically on the atomic level
energy dierence relevant in the RENP.
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Chapter 1
Introduction
It is well established at present that the avor neutrino oscillations observed in the
experiments with solar, atmospheric, reactor and accelerator neutrinos (see [1] and the
references quoted therein) are caused by the existence of nontrivial neutrino mixing in
the weak charged current interaction Lagrangian:
LCC =   gp
2
X
`=e;;
`L(x) `L(x)W
y(x) + h:c: ; `L(x) =
nX
j=1
U`jjL(x); (1.1)
where `L(x) are the avour neutrino elds, jL(x) is the left-handed (LH) component of
the eld of the neutrino j having a massmj , and U is a unitary matrix - the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) neutrino mixing matrix [2{4], U  UPMNS . The data
imply that among the neutrinos with denite mass at least three, say 1, 2 and 3, have
masses m1;2;3 . 1 eV, i.e., are much lighter than the charged leptons and quarks.
The mixing of the three light neutrinos is described to a good approximation by 3  3
unitary PMNS matrix. In the widely used standard parametrization [1], UPMNS is
expressed in terms of the solar, atmospheric and reactor neutrino mixing angles 12,
23 and 13, respectively, and one Dirac - , and two Majorana [5] - 21 and 31, CP
violation (CPV) phases:
UPMNS = ~UP ; P = diag(1; e
i
21
2 ; ei
31
2 ) ; (1.2)
where ~U is a CKM-like matrix containing the Dirac CPV phase ,
~U =
0BBBB@
c12c13 s12c13 s13e
 i
 s12c23   c12s23s13ei c12c23   s12s23s13ei s23c13
s12s23   c12c23s13ei  c12s23   s12c23s13ei c23c13
1CCCCA : (1.3)
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In eq. (1.3) we have used the standard notations cij = cos ij , sij = sin ij , the angles
ij = [0; =2],  = [0; 2] and, in general, 0  j1=2  2, j = 2; 3 [6]. If CP invariance
holds, we have  = 0; , and [7{9] 21(31) = k
(0) , k(
0) = 0; 1; 2; 3; 4.
In the recent years, the neutrino oscillation parameters were gradually measured with
increasing precisions. The Super-Kamiokande collaboration established that the atmo-
spheric neutrino mass squared splitting is jm2Aj  O(10 3 eV2) and that the corre-
sponding mixing angle is large, possibly maximal 23 = =4 [10]. The data from SNO,
Super-Kamiokande and KamLAND experiments [11{13] allowed to establish the large
mixing angle solution as a unique solution of the long standing solar neutrino problem,
with a solar neutrino mass squared splitting m2  O(10 5 eV2) and mixing angle
12 = arcsin(
p
0:3). A series of subsequent experiments, using reactor and accelerator
neutrinos, have pinned down the atmospheric and solar neutrino oscillation parameters
with a few to several percent accuracy.
Furthermore, in June of 2011 the T2K collaboration reported [14] evidence at 2:5 for
a non-zero value of the angle 13. Subsequently the MINOS [15] and Double Chooz [16]
collaborations also reported evidence for 13 6= 0, although with a smaller statistical
signicance. Global analyzes of the neutrino oscillation data, including the data from
the T2K and MINOS experiments, performed in [17, 18] showed that actually sin 13 6= 0
at  3. The rst data of the Daya Bay reactor antineutrino experiment on 13 [19]
and the RENO experiment [20] reports are also consistent with the none vanishing of
sin2 213 with rather high precisions at 5:2 and 4:9, respectively.
The current best t values of these parameters, obtained in [21] from tting the global
neutrino oscillation data, read:
m221 = 7:54 10 5 eV2 ; jm231(32)j = 2:47 (2:46) 10 3 eV2 ; (1.4)
sin2 12 = 0:307 ; sin
2 13 = 0:0241 (0:0244) ; sin
2 23 = 0:386 (0:392) ; (1.5)
where the values (values in brackets) correspond to m231(32) > 0 (m
2
31(32) < 0), i.e., to
neutrino mass spectrum with normal ordering (NO), m1 < m2 < m3 (inverted ordering
(IO), m3 < m1 < m2)
1 (see, e.g., [1]). We will use these values in our numerical
analyzes. Similar results have been obtained in the analyzes of the global neutrino
oscillation data in [22].
1As is well known, depending on the value of the lightest neutrino mass, the spectrum can also be
normal hierarchical (NH), m1  m2 < m3; inverted hierarchical (IH): m3  m1 < m2; or quasi-
degenerate (QD): m1 = m2 = m3, m2j  jm231(32)j. The QD spectrum corresponds to mj > 0:10 eV,
j = 1; 2; 3.
3Despite the precise measurements of the parameters responsible for the oscillations of
neutrinos, there are still many fundamental questions regarding directly or indirectly
the neutrinos that need to be answered.
Firstly, from neutrino oscillation experiments, we know quite well the neutrino mass
squared dierences and mixing angles. However other properties, such as the absolute
neutrino mass scale or the hierarchy of the neutrino mass spectrum, are still unknown.
At present, information about the neutrino mass scale is obtained in the beta -decays
experiments. The Mainz-Troitsk experiment, after analyzing data of beta -decays of
trititum atoms, has set an upper bound of 2:2 eV for the electron antineutrino mass.
With the upcoming experiments experiments KATRIN [23], it is planned to search for
a mass bigger than 0:2 eV. Data from cosmological observations were used to set much
tighter upper bounds on the sum of the light neutrino masses [24, 25]. For example, the
Planck collaboration reported in March of 2013 an upper limit on that sum of the three
light neutrino masses of 0:23 eV [25].
Besides probing neutrino mass scale and their mass hierarchy, we still need to understand
the nature of neutrinos - whether they are Dirac or Majorana particles - and measure
the value of the CPV Dirac phase, or of both Dirac and Majorana phases, if neutrinos
are Majorana particles. The hierarchy of neutrino mass spectrum and the CPV Dirac
phase can be determined in the long base-line neutrino oscillation experiments (see,
e.g. [26, 27]). The only known feasible experiments which can reveal the Majorana
nature of massive neutrinos are the searches for the process of neutrinoless double beta
()0-decay: (A;Z)! (A;Z + 2) + e  + e  [28, 29]. It is impossible to make progress
in our understanding of the origin of neutrino masses and mixing without determining
the nature - Dirac or Majorana - of massive neutrinos. There are a large number
of the neutrinoless double beta ()0-decay experiments of a new generation which
take data or are under preparation at present: GERDA, EXO, KAMPLAND-ZEN,
COURE, SNO+, MAJORANA, etc. These experiments will be sensitive to values of
the neutrinoless double beta ()0-decay eective Majorana mass (see, e.g, [30{36])
jhmieej  (0:01  0:05) eV.
Secondly, in spite of the compelling evidence for nonconservation of the leptonic avour
in neutrino oscillations, reected in the neutrino mixing present in eq. (1.1), all searches
for lepton avour violation (LFV) in the charged lepton sector have produced negative
results so far. The most stringent upper limits follow from the experimental searches for
the LFV muon decays + ! e+ and + ! e+e e+,
BR(+ ! e+) < 5:7 10 13 [37] ; (1.6)
BR(+ ! e+e e+) < 1:0 10 12 [38] ; (1.7)
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and from the non-observation of conversion of muons into electrons in Titanium,
CR(  +Ti! e  +Ti) < 4:3 10 12 [39] : (1.8)
Besides, there are stringent constraints on the tau-muon and tau-electron avour viola-
tion as well from the non-observation of LFV tau decays [40]:
BR( ! ) < 4:4 10 8 ; (1.9)
BR( ! e) < 3:3 10 8 ; (1.10)
BR( ! 3) < 2:1 10 8 : (1.11)
The role of the experiments searching for lepton avour violation to test and constrain
low scale see-saw models will be signicantly strengthened in the next years. Searches for
 e conversion at the planned COMET experiment at KEK [41] and Mu2e experiment
at Fermilab [42] aim to reach sensitivity to CR(Al ! eAl)  10 16, while, in the
longer run, the PRISM/PRIME experiment in KEK [43] and the project-X experiment
in Fermilab [44] are being designed to probe values of the    e conversion rate on Ti,
which are by 2 orders of magnitude smaller, CR(Ti ! eTi)  10 18 [43]. There are
also plans to perform a new search for the + ! e+e e+ decay [45], which will probe
values of the corresponding branching ratio down to BR(+ ! e+e e+)  10 15, i.e., by
3 orders of magnitude smaller than the best current upper limit, eq. (1.7). Furthermore,
searches for tau lepton avour violation at superB factories aim to reach a sensitivity
to BR( ! (; e))  10 9, while a next generation experiment on the  ! 3 decay is
expected to reach sensitivity to BR( ! 3) = 10 10 [46].
It is also important to note that the recently measured value of 13 in eq. (1.5) will have
far reaching implications for the program of research in neutrino physics. A relatively
large value of sin 13  0:15 opens up the possibilities, in particular, i) for searching for
CP violation eects in neutrino oscillations experiments with high intensity accelerator
neutrino beams (like T2K, NOA, etc.); ii) for determining the sign of m232, and thus
the type of neutrino mass spectrum, which can be with normal or inverted ordering (see,
e.g. [1]), in the long baseline neutrino oscillation experiments at accelerators (NOA,
etc.), in the experiments studying the oscillations of atmospheric neutrinos (see, e.g.
[47{50]), as well as in experiments with reactor antineutrinos [51{53]. It has important
implications for the neutrinoless double beta ()0-decay phenomenology in the case
of neutrino mass spectrum with normal ordering (NO) [54]. A value of sin 13 > 0:09
is a necessary condition for a successful \avoured" leptogenesis when the CP violation
5required for the generation of the matter-antimatter asymmetry of the Universe is pro-
vided entirely by the Dirac CP violating phase in the neutrino mixing matrix [55, 56]. 2
As was already discussed to some extent in the literature and we will see further, in
certain specic cases a value of sin 13  0:15 can have important implications also for
the phenomenology of the lepton avour violation (LFV) processes involving the charged
leptons in theories incorporating one of the possible TeV scale see-saw mechanisms of
neutrino mass generation.
Concerning the issue of LFV in the charged lepton sector, in a minimal extension of
the Standard Model with massive neutrinos [58, 59], in which the total lepton charge
L is conserved (L = Le + L + L L`, ` = e; ;  , being the individual lepton charges)
and the neutrinos with denite mass are Dirac particles, the rates of the LFV violating
processes involving the charged leptons are extremely strongly suppressed, BR( !
e+)  10 55 : This branching ratio, of course, satises the current experimental upper
limit quoted in eq. (1.6), however, the model [58, 59] does not give any insight of why the
neutrino masses are so much smaller than the masses of the charged leptons and quarks.
The enormous disparity between the magnitude of the neutrino masses and the masses
of the charged fermions suggests that the neutrino masses are related to the existence
of new mass scale  in physics, i.e., to new physics beyond the Standard Model (SM).
A natural explanation of the indicated disparity is provided by the see-saw models of
neutrino mass generation. In these models the scale  is set by the scale of masses of the
new degrees of freedom present in the models. In the case of the type I and III see-saw
scenarios, these are the masses of the heavy (right-handed (RH)) Majorana neutrinos. In
the Higgs Triplet Model (HTM), which is often called also \type II see-saw model", the
scale  is related to the masses of the new physical neutral, singly and doubly charged
Higgs particles.
The scale  at which the new physics, associated with the existence of neutrino masses
and mixing, manifests itself can, in principle, have an arbitrary large value, up to the
GUT scale of 2  1016 GeV and even beyond, up to the Planck scale. An interesting
possibility, which can also be theoretically and phenomenologically well motivated (see,
e.g., [60{62]), is to have the new physics at the TeV scale, i.e.,   (100   1000)
GeV. In the TeV scale class of see-saw models the avour structure of the couplings of
the new particles to the charged leptons is basically determined by the requirement of
reproducing the data on the neutrino oscillation parameters [60{63]. As a consequence,
the rates of the LFV processes in the charged lepton sector can be calculated in terms
of a few parameters. These parameters are constrained by dierent sets of data such as,
e.g., data on neutrino oscillations, from EW precision tests and on the LFV violating
2If indeed sin 13 = 0:15 and the neutrino mass spectrum is with inverted ordering (IO), further
important implications for \avoured" leptogenesis are possible [57].
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processes ` ! `0 + , ` ! 3`0,     e  conversion in nuclei, etc. Nevertheless, the
predicted rates of the LFV charged lepton decays `! `0+, `! 3`0 and of the    e 
conversion are within the reach of the future experiments searching for lepton avour
violation even when the parameters of the model do not allow production of the new
particles with observable rates at the LHC [62].
As parts of the present thesis, we investigate the LFV processes of lepton decays, such
as `! `0 +  (` =  and `0 = e, or ` =  and `0 = ; e), ! 3e and  ! 3, and ! e
conversion in certain nuclei. These LFV processes are considered in the frameworks of
the TeV scale type I see-saw, Higgs Triplet and type III see-saw models of neutrino mass
generation. We derive predictions for the rates of the indicated LFV processes in the
models of interest and analyze the possibilities to observe them in present and planned
future experiments. Moreover, results of analyzing the behaviors of the LFV rates in
each type of see-saw scheme could be used to determine the real scenario of neutrino
mass generation in the nature.
Turning to the issues of the still unknown neutrino properties - the absolute neutrino
mass scale, the type of spectrum the neutrino masses obey, the nature of massive neu-
trinos - all of them might be determined, in principle, by using a phenomenon, called
radiative emission of neutrino pair (RENP), which is assumed to occur in atoms or
molecules [64{66]. Atoms have a denite advantage over conventional target of nuclei:
their available energies are much closer to neutrino masses. The new atomic process of
RENP has a rich variety of neutrino phenomenology, since there are six independent
thresholds for each target choice, having a strength proportional to dierent combina-
tions of neutrino masses and mixing parameters. In the numerical results presented
further we will show the sensitivity of the RENP related photon spectral shape to vari-
ous observables; the absolute neutrino mass scale, the type of neutrino mass spectrum,
the nature of massive of neutrinos and the Majorana CPV phases in the case of massive
Majorana neutrinos.
The present thesis is organized as follows. In Chapter 2, we review the main features of
the three types of the see-saw mechanisms and introduce the formulae of FLV rates of
the interested processes for each type of light neutrino mass generation scheme. Then
we discuss for each scenario the predictions and experimental constraints on the relevant
parameter spaces arising from muon FLV processes in Chapter 3 and tau LFV processes
in Chapter 4, respectively. In Chapter 5, after an introduction of the RENP spectral
rate formula, its physical potential of measuring the absolute neutrino mass scale, de-
termining the type of neutrino mass spectrum (or hierarchy) and the nature (Dirac or
Majorana) of massive neutrino will be discussed in detail. Besides, there is a conclusion
at the end of every chapter; and an overall conclusion is in Chapter 6.
Chapter 2
See-saw Type Models and Rates
of LFV Processes
2.1 See-saw Type I and LFV Rates
2.1.1 See-saw Type I at TeV Scale
In the standard type I see-saw scenario [67{70], the Standard Model (SM) is expanded
by adding k heavy right-handed (RH) neutrino elds aR, a = 1; :::; k, k  2, which are
singlets with respect to the SM gauge symmetry group. The neutrino mass term in the
considered model is written as:
L =  `L(MD)`aR   1
2
CaL(MN )abbR + h:c:; (2.1)
where CaL  CaRT , C is the charge conjugation matrix, MN is the RH neutrino mass
matrix, which is k  k symmetric matrix, and MD is the Dirac mass matrix. Then, the
full mass matrix of neutrinos has following form
M =
 
0 MD
MTD MN
!
: (2.2)
This matrix, whose elements are complex in general, can be block-diagonalized by a
(3 + k) (3 + k) unitary matrix 
 [71]

T
 
0 MD
MTD MN
!

 =
 
Um^U y 0
0T V M^V y
!
; (2.3)
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where m^  diag(m1;m2;m3) is a diagonal form of the light neutrino mass matrix, while
M^  diag(M1;M2; :::;Mk) is the diagonal matrix of the heavy neutrinos. One should
keep in mind that the matrix 0 in the two sides of the above equation have dierent
dimensions. The null matrix in the left-hand side is a 3 3 matrix, while the matrix in
the right-hand side is of 3 k dimensions.
The diagonalization matrix 
 can be expressed in terms of the exponential of a 3  k
complex matrix R:

 = exp
 
0 R
 Ry 0
!
=
 
1  12RRy R
 Ry 1  12RyR
!
+O(R3): (2.4)
The above equation is obtained by assuming that R is small. As one will see below that
the assumption is relevant when deriving the well-known Pontecorvo, Maki, Nakgawa,
Sakata (PMNS) neutrino mixing matrix:
UPMNS = U
y
` (1 + )U; (2.5)
where
 =  1
2
RRy =  1
2
(RV )(RV )y = y; (2.6)
U and U` diagonalize the LH neutrino mass matrix and the charged lepton mass matrix,
respectively. As being easy to be seen, the matrix  characterises the deviations from
unitarity of the PMNS matrix. The elements of UPMNS are determined in experiments
studying the oscillations of the avour neutrinos and antineutrinos, ` and `, ` = e; ;  ,
at relatively low energies. In these experiments, the initial states of the avour neutrinos
produced in some weak process, are coherent superpositions of the states of the light
massive Majorana neutrino i only. The states of the heavy Majorana neutrino Nj are
not present in the superpositions representing the initial avour neutrino states and this
leads to deviations from unitarity of the PMNS matrix.
In the framework of this thesis, we work in the basis in which the charged lepton mass
matrix is diagonal, then U` is set as unity. The charged and neutral current weak
interactions involving the light Majorana neutrinos i have the form:
LCC =  
gp
2
` `LW
 + h:c: =   gp
2
` ((1 + )U)`i iLW
 + h:c: ; (2.7)
LNC =  
g
2cw
`L  `L Z
 =   g
2cw
iL 

U y(1 +  + y)U

ij
jL Z
 : (2.8)
Moreover, the matrix  can be expressed in terms of a matrix RV whose elements
(RV )`k determine the strength of the charged current (CC) and neutral current (NC)
weak interaction couplings of the heavy Majorana neutrinos Nk to the W
-boson and
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the charged lepton `, and to the Z0 boson and the left-handed (LH) avour neutrino
`L, ` = e; ;  :
LNCC =  
g
2
p
2
` (RV )`k(1  5)NkW + h:c: ; (2.9)
LNNC =  
g
4cw
`L  (RV )`k (1  5)Nk Z + h:c: : (2.10)
As the consequences of the unobservable signal from the heavy Majorana neutrinos and
low energy data by the present experiments, (RV ) (or ) should be constrained.
Let us continue by considering the constraints on (RV ) from the experimental data of
neutrino oscillations and absolute scale of neutrino masses. Expanding two sides of eq.
(2.3) then using expression in eq. (2.4) and keeping only the leading order in R, one
gets:
MD  RMN ' 0 ; (2.11)
 MDRy  RMTD +RMNRy ' m = Um^U y ; (2.12)
MN +R
TMD +M
T
DR  V M^V y ' 0 : (2.13)
Extracting MD from eq. (2.11) then insert it into (2.12) and (2.13):
m = U
m^U y =  RMNRy '  (RV )M^(RV )y ; (2.14)
V M^V y 'MN +RTRMN +MNRyR : (2.15)
Using the current upper limits on the absolute scale of neutrino masses and the data
obtained in neutrino oscillation experiments, it is relevant to give an approximation
j(m)`0`j . 1eV; `; `0 = e; ;  , which leads to:
j
X
k
(RV )`0k Mk (RV )
y
k`j . 1 eV ; `0; ` = e; ;  : (2.16)
This inequality can be satised in several cases, for example j(RV )`kj  1 for all `
and k. However, this scenario is not interesting and thus will not be considered in
the thesis, since it can not render any observable eect at low energy, or possibility to
probe the heavy RH neutrinos at the LHC. In this work, we take care a circumstance of
having two heavy RH neutrinos (called N1; N2) with opposite CP parities and possessing
approximately same masses. The pair of the RH neutrinos forms a pseudo-Dirac, then
the eq. (2.16) is naturally fullled with sizable jRV j, provided:
(RV )`2 = i(RV )`1
r
M1
M2
: (2.17)
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In this class of type I see-saw models with two heavy Majorana neutrinos we are con-
sidering (see, e.g., [72{80]), one of the three light (Majorana) neutrinos is massless and
hence the neutrino mass spectrum is hierarchical. Two possible types of hierarchical
spectrum are allowed by the current neutrino data (see, e.g., [1]): i) normal hierarchical
(NH), m1 = 0, m2 =
q
m2 and m3 =
q
m2A , where m
2  m22   m21 > 0 and
m2A  m23  m21; ii) inverted hierarchical (IH), m3 = 0, m2 =
q
jm2A j and m1 =q
jm2A j  m2 =
q
jm2A j, where m2  m22 m21 > 0 and m2A = m23 m22 < 0.
In both cases, we have: m2=jm2A j = 0:03 1.
We assume that the heavy RH neutrinos N1;2 have masses in the range (100 - 1000)
GeV, which makes possible, in principle, to be produced at LHC. To have large enough
the CC and NC couplings such that RH neutrino signals could be observed at LHC
in this considering type I seesaw scenario, the two RH Majorana neutrinos must be
almost degenerate in mass. Suppose M2 > M1 > 0, M2 can be expressed in form
M2 = (1 + z)M1; z > 0. Using the experimental limit on the neutrinoless double beta
decay ()0, we can set an upper limit z . 10 3 (10 2) for M1  102 (103) GeV.
Upper bounds on the couplings of RH neutrinos with SM particles can be also obtained
from the low energy electroweak precision data on lepton number conserving processes
like  ! ``, Z !  and other tree-level processes involving light neutrinos in the nal
state [81{83]. These bounds read:
j(RV )e1j2 . 2 10 3 ; (2.18)
j(RV )1j2 . 0:8 10 3 ; (2.19)
j(RV )1j2 . 2:6 10 3 : (2.20)
Let us go further by expressing the RH neutrino mixing matrix participating into the
CC and NC weak interactions in terms of low energy neutrino oscillation parameters,
the light and heavy neutrino masses. We start by taking eq. (2.12) in [62]:
RV =  iUPMNS
p
m^O
p
M^ 1 ; (2.21)
where O is a complex orthogonal matrix. In the scheme with two heavy RH Majorana
neutrinos and NH mass spectrum of the light neutrinos, O-matrix can be written in
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form:
O =
ei^
2
0BB@
0 0
1 i
i 1
1CCA+ e i^2
0BB@
0 0
1 i
 i 1
1CCA = O+ +O ; (NH) (2.22)
O =
ei^
2
0BB@
1 i
i 1
0 0
1CCA+ e i^2
0BB@
1 i
 i 1
0 0
1CCA ; (IH) (2.23)
where ^ = !   i .
Without loosing the generality, taking  > 0, to have sizable couplings between the heavy
Majorana neutrinos and the charged leptons or gauge bosons, we need large enough .
In the limit of large , in the case of NH neutrino mass spectrum, it is relevant to use
the approximation:
O  O+ = e
i!e
2
0BB@
0 0
1 i
i 1
1CCA : (2.24)
Using (2.21) and (2.24), we can express the matrix RV as:
RV   e
 i!e
2
r
m3
jM1j
0BB@
(Ue3 + i
p
m2=m3Ue2) i(Ue3 + i
p
m2=m3Ue2)=
p
1 + z
(U3 + i
p
m2=m3U2) i(U3 + i
p
m2=m3U2)=
p
1 + z
(U3 + i
p
m2=m3U2) i(U3 + i
p
m2=m3U2)=
p
1 + z
1CCA :
(2.25)
A similar formula could be obtained for the case of IH neutrino mass spectrum by
replacing m2;3 ! m1;2 and U`2;`3 ! U`1;`2 (` = e; ; ). So that, for both types of
neutrino mass spectrum, one has the relation:
(RV )`2 = i(RV )`1=
p
1 + z ` = e; ;  ; (2.26)
which is consistent with eq. (2.21). The above equation holds only for M1M2 > 0; when
M1 and M2 have dierent signs, it becomes (RV )`2 = (RV )`1=
p
1 + z .
Finally, using the relation
y2v2  maxfeig(MDM yD)g = maxfeig(
p
m^OM^Oy
p
m^)g = 1
4
e2M1(m2 +m3)(2 + z) ;
(2.27)
in which y is the largest eigenvalue of Yukawa coupling matrix, v = 174 GeV, the CC
and NC weak interaction couplings with participation of the heavy Majorana neutrinos
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can be expressed as:
j(RV )`1j2 =
1
2
y2v2
M21
m3
m2 +m3
U`3 + ipm2=m3U`22 ; NH ; (2.28)
j(RV )`1j2 =
1
2
y2v2
M21
m2
m1 +m2
U`2 + ipm1=m2U`12 ; IH : (2.29)
The numerical results present further will be obtained employing the standard parametriza-
tion for the unitary matrix U :
U = V (12; 23; 13; )Q(21; 31) : (2.30)
Here (see, e.g., [1])
V =
0BB@
1 0 0
0 c23 s23
0  s23 c23
1CCA
0BB@
c13 0 s13e
 i
0 1 0
 s13ei 0 c13
1CCA
0BB@
c12 s12 0
 s12 c12 0
0 0 1
1CCA ; (2.31)
where we have used the standard notations cij  cos ij , sij  sin ij ,  is the Dirac CP
violation (CPV) phase and the matrix Q contains the two Majorana CPV phases 1 [5],
Q = diag(1; ei21=2; ei31=2) : (2.32)
We recall that UPMNS = (1+)U . Thus, up to corrections which depend on the elements
of the matrix  whose absolute values, however, do not exceed approximately 5 10 3
[81], the values of the angles 12, 23 and 13 coincide with the values of the solar
neutrino, atmospheric neutrino and the 1-3 (or \reactor") mixing angles, determined in
the 3-neutrino mixing analyzes of the neutrino oscillation data.
Given the neutrino masses and mixing angles, the TeV scale type I see-saw scenario
we are considering is characterized by four parameters [62]: the mass (scale) M1, the
Yukawa coupling y, the parameter z of the splitting between the masses of the two
heavy Majorana neutrinos and a phase !. The mass M1 and the Yukawa coupling y
can be determined, in principle, from the measured rates of two lepton avor violating
(LFV) processes, the  ! e decay and the    e conversion in nuclei, for instance.
The mass splitting parameter z and the phase !, together with M1 and y, enter, e.g.,
into the expression for the rate of ()0-decay predicted by the model. The latter was
discussed in detail in [62].
1 In the case of the type II see-saw mechanism, to be discussed in Section 2.2, we have  = 0 and
thus the neutrino mixing matrix coincides with U : UPMNS = U . We will employ the parametrization
(2.30) - (2.32) for U also in that case.
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2.1.2 Calculation of LFV Rates
For more convenient in further discussion, in this section, we are going to summary or
derive the rates of FLV processes of interest, such as  ! e conversion, ` ! `0 +  and
` ! 3`0, in the scenario of the type I see-saw model. In the type I see-saw, the above
FLV processes can not happen in the tree-level, but in one-loop diagrams, whose form
factors are calculated in the App. A.
Ignoring the subdominant contribution of the term proportional to ml0 (supposes ml 
ml0), eq. (A.32) can be rewritten in form:
  e  () (ll0) =
g2:e
322M2w
h
F ll
0
 (q
2   q^q)PL   iml Gll0 qPR
i
; (2.33)
where
F ll
0
 =
3+kX
i=1
UliU

l0iF(i) ; G
ll0
 =
3+kX
i=1
UliU

l0iG(i) :
2 (2.34)
Here, F(i) and G(i) are dened in eqs. (A.27) and (A.27). The eective Lagrangian
derived from (2.33) reads:
L()eff =
g2:e
322M2w
"
(eQ )F
ll0
 (
  )(l0PLl) +
Gll
0

2
ml
 
l0PRl

F
#
; (2.35)
where Q is electric charge of  , which is quark (for  ! e conversion) or lepton (for
l! 3l0 decay).
Similarly, from eqs. (A.57), (A.64) and (A.71), we have eective Lagrangians from box
and Z boson exchange diagrams:
L(z)eff =
g4
322M2w
F ll
0
z
 
 (I
3
 PL  Q sin2 W ) 

(l0PLl) ; (2.36)
L(Box)eff =
g4
642M2w
F ll
0  
Box
 
 PL 

(l0PLl) : (2.37)
Here, I3 is the weak isospin of the eld  , while F
ll0
z and F
ll0  
Box are expressed as:
F ll
0
z =
3+kX
i;j=1
UliU

l0j (ijFz(i) + CijGz(i; j)) ; (2.38)
2In this Subsection and the appendix A, U is understood as the full neutrino mixing matrix in the
see-saw type I, which is of (3 + k) (3 + k) dimensions.
14 Chap. 2: See-saw Type Models and Rates of LFV Processes
F ll
0  
Box =
3+kX
i=1
X
j
UliU

l0iV jV

 j
FBox(i; j) for Q > 0 ; (2.39)
F ll
0  
Box =
3+kX
i=1
X
j
UliU

l0iV jV

 j
FXBox(i; j) for Q < 0 : (2.40)
It is useful to note that V j is quark or neutrino mixing matrix according to whether  
is quark or lepton. If  is u quark, j are (d; s; b) quarks; while, in the case where  is
d quark or one of the charged leptons (e ;  ;  ), j are (u; c; t) quarks or neutrinos
(both the heavy and light neutrinos), respectively.
Using eq. (2.35), the ratio of the decay rates  (l ! l0) and  (l ! ll0l0), can be
written as [59, 62, 84, 85]:
 (l! l0)
 (l! ll0l0) =
3em
2
jGll0 j2 =
3em
32
jT(ll0)j2 ; (2.41)
where
T(ll0) 
3+kX
i=4
(U)l0i(U)li [G(xi) G(0)] ; (2.42)
G(x) =
10  43x+ 78x2   49x3 + 4x4 + 18x3 lnx
3(x  1)4 ; (2.43)
and xi = m
2
i =M
2
w .
We have also obtained the l ! 3l0 decay rate by adapting the result of the calculation
of the  ! 3e decay rate performed in [86] in a scheme with heavy RH neutrinos and
type I seesaw mechanism of neutrino mass generation. After applying the form factors
introduced above and neglecting the corrections  ml0=ml, the decay branching ratio is
expressed as:
BR(l! 3l0) = 
2
em
642 sin4 W
jCl3l0 j2  BR(l! l0l0l) ; (2.44)
jCl3l0 j2 = 2
12F ll0l0l0Box + F ll0z   2 sin2 W (F ll0z   F ll0 )
2 + 4 sin4 W F ll0z   F ll0 2
+16 sin2 WRe

(F ll
0
z +
1
2
F ll
0l0
Box)G
ll0



  48 sin4 WRe
h
(F ll
0
z   F ll
0
 )G
ll0

i
+32 sin4 W jGll0 j2

log
m2l
m02l
  11
4

; (2.45)
where Gll
0
 , F
ll0
 , F
ll0l0l0
Box and F
ll0
z have been dened above.
In writing the expression for BR(l! 3l0) in eq. (2.44), we have used for the decay rate
 (l! l0l0l) = G2Fm5l =(1923).
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Finally, we are going to calculate    e conversion rate using the eective Lagrangian
in (2.35), (2.36), (2.37) and the general formula reported in [87]. Since the quark axial
vector current q5q does not contribute to the  e conversion, the eective Lagrangian
L( e)eff reads:
L( e)eff =
g2:e
322M2W
Ge
2
m (ePR)F
 +
g4
322M2W
eFeq (qq) (ePL) ; (2.46)
where eFeq = Qq sin2 W (Fe   Fez ) + 14(2I3Fez + FeqqBox ) : (2.47)
Using the result in [87], the conversion rate is easy to be obtained
 conv = 2G
2
F
 e:D322Ge + g242 n(2 eFeu + eFed )V (p) + ( eFeu + 2 eFed )V (n)o
2 : (2.48)
Here, the parameters D, V (p) and V (n), with V (p)=Z = V (n)=N , represent overlap in-
tegrals of the muon and electron wave functions and are related to the eective dipole
and vector type operators in the interaction Lagrangian, respectively (see, e:g: [87]).
In the case of a light nucleus, i:e: for Z . 30, one has with a good approximation
D ' 8p4em V (p), with the vector type overlap integral of the proton, V (p), given by
[87]:
V (p) ' 1
4
m5=2 
3=2
em Z
2
eff Z
1=2 F ( m2) : (2.49)
Using the formulae quoted above, we have the nal expression for the conversion rate
 conv =
G2Fm
5

2
W
3
84
Z4eff
Z
F 2(q2)
ZGe sin2 W + Z(2 eFeu + eFed ) +N( eFeu + 2 eFed )2
=
G2Fm
5

2
W
3
84
Z4eff
Z
F 2(q2)
Z(2Feu + Fed ) +N(Feu + 2Fed )2 ; (2.50)
in which
Feq = Qq sin
2 W (F
e
   Fez +Ge ) +
1
4
(2I3F
e
z + F
eqq
Box ) : (2.51)
In eqs. (2.49) and (2.50), Z is the proton number of the nucleus N , W is the weak
mixing angle, sin2 W = 0:23, F (q
2) is the nuclear form factor as a function of transferred
momentum q, and Zeff is an eective atomic charge.
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2.2 See-saw Type II (Higgs Triplet Model) and LFV Rates
2.2.1 See-saw Type II (Higgs Triplet Model) at TeV Scale
We will introduce briey in this section the type II see-saw [88{90] extension of the SM
for the generation of the light neutrino masses. In its minimal formulation it includes
one additional SU(2)L triplet Higgs eld , which has weak hypercharge YW = 2:
 =
 
+=
p
2 ++
0  +=p2
!
: (2.52)
The Lagrangian of the type II see-saw scenario, which is sometimes called also the \Higgs
Triplet Model" (HTM), reads 3:
LIIseesaw =  M2Tr

y

 

hll0  ClL i2 l0L + H
T i2
yH + h:c:

; (2.53)
where ( lL)
T  (TlL lTL),  ClL  (  TlLC 1   lTLC 1), and H are, respectively,
the SM lepton and Higgs doublets, C being the charge conjugation matrix, and 
is a real parameter characterising the soft explicit breaking of the total lepton charge
conservation. We are interested in the low energy see-saw scenario, where the new
physics scale M associated with the mass of  takes values 100 GeV .M . 1 TeV,
which, in principle, can be probed by LHC [93{96].
The avour structure of the Yukawa coupling matrix h and the size of the lepton charge
soft breaking parameter  are related to the light neutrino mass matrix m , which is
generated when the neutral component of  develops a \small" vev v /  . Indeed,
setting 0 = v and H
T = (0 v)T with v ' 174 GeV, from Lagrangian (2.53) one
obtains:
(m)ll0  mll0 ' 2hll0 v : (2.54)
The matrix of Yukawa couplings hll0 is directly related to the PMNS neutrino mixing
matrix UPMNS  U , which is unitary in this case:
hll0  1
2v

U diag(m1;m2;m3)U y

ll0
: (2.55)
An upper limit on v can be obtained from considering its eect on the parameter
 =M2W =M
2
Z cos
2 W . In the SM,  = 1 at tree-level, while in the HTM one has
  1 +  = 1 + 2x
2
1 + 4x2
; x  v=v: (2.56)
3We do not give here, for simplicity, all the quadratic and quartic terms present in the scalar potential
(see, e:g:, [91, 92]).
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The measurement   1 leads to the bound v=v . 0:03, or v < 5 GeV (see, e.g., [97]).
As we will see, the amplitudes of the LFV processes ! e, ! 3e and +N ! e+N in
the model under discussion are proportional, to leading order, to a product of 2 elements
of the Yukawa coupling matrix h. This implies that in order for the rates of the indicated
LFV processes to be close to the existing upper limits and within the sensitivity of the
ongoing MEG and the planned future experiments forM  (100 1000) GeV, the Higgs
triplet vacuum expectation value v must be relatively small, roughly v  (1   100)
eV. In the case of M  v = 174 GeV we have v = , while if M2 >> v2, then
v = v2=(2M2) (see, e.g., [91, 92, 97]) with v2=(2M2) = 0:015 for M = 1000 GeV.
Thus, in both cases a relatively small value of v implies that  has also to be small.
A nonzero but relatively small value of  can be generated, e.g., at higher orders in
perturbation theory [98] or in the context of theories with extra dimensions (see, e.g.,
[99]).
The physical singly-charged Higgs scalar eld practically coincides with the triplet scalar
eld +, the admixture of the doublet charged scalar eld being suppressed by the
factor v=v. The singly- and doubly- charged Higgs scalars 
+ and ++ have, in
general, dierent masses [98, 100{102]: m+ 6= m++ . Both situations m+ > m++
and m+ < m++ are possible. In some cases, for simplicity, we will present numerical
results for m+ = m++  M, but one must keep in mind that m+ and m++ can
have dierent values.
2.2.2 Calculation of LFV Rates
In the mass eigenstate basis, the eective charged lepton avour changing operators
arise at one-loop order from the exchange of the singly- and doubly-charged physical
Higgs scalar elds, whose form factors are detail calculated in App. B. The eective
low energy LFV Lagrangian corresponding to eqs. (B.74) and (B.75) can be written in
forms:
Leff =   4 eGFp
2

mlAR l0  PR l F + h:c:

  e
2GFp
2
0@AL(q2) l0  PL l X
Q=u;d
qQQQ + h:c:
1A ; (2.57)
where e is the proton charge, and qu = 2=3 and qd =  1=3 are the electric charges of
the up and down quarks (in units of the proton charge). The form factors AR;L have
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expressions:
AR =   1p
2GF
 
hyh

l0l
482

1
8m2
+
+
1
m2
++

; (2.58)
AL(q
2) =   1p
2GF
hkl0hkl
62

1
12m2
+
+
1
m2
++
f
  q2
m2
++
;
m2k
m2
++

: (2.59)
Here, (ml; mk) are the masses of the charged lepton (l; k), (l; k) = e; ;  and q is the
momentum carried by the photon.
In the limit where the transition is dominated by the exchange of a virtual doubly
charged scalar ++, these expressions reduce to those obtained in [102{105]; to the best
of our knowledge the expression of AL(q
2) for the general case is a new result. The
term with the form factor AR in eq. (2.57) generates the  ! e decay amplitude. It
corresponds to the contribution of the one loop diagrams with virtual neutrino and +
[106] and with virtual charged lepton and ++ [104, 105] (see also [28]). The second
term involving the form factor AL, together with AR, generates the    e conversion
amplitude. The loop function f(r; sl) is well known [102, 103]:
f(r; sl) =
4sl
r
+ log(sl) +

1  2sl
r
 r
1 +
4sl
r
log
p
r +
p
r + 4slp
r  pr + 4sl
; (2.60)
where r = m2=M
2
 and sl = m
2
l =M
2
.
Notice that in the limit in which the charged lepton masses ml are much smaller than
the doubly-charged scalar mass m++ , one has f(r; sl) ' log(r) = log(m2=m2++). For
m++ = (100   1000) GeV, this is an excellent approximation for f(r; se), but cannot
be used for f(r; s) and f(r; s ). The ratios f(r; se)=f(r; s) and f(r; se)=f(r; s ) change
relatively little when m++ increases from 100 GeV to 1000 GeV, and at m++ =
100 (1000) GeV take the values: f(r; se)=f(r; s) = 1:2 (1:1) and f(r; se)=f(r; s ) =
2:1 (1:7). More generally, f(r; sl), l = e; ;  , are monotonically (slowly) decreasing func-
tions of m++
4: for m++ = 100 (1000) GeV we have, e.g., f(r; se) =  13:7 ( 18:3).
In the Higgs triplet model considered, the l! l0+ decay amplitude receives at leading
order contributions from one loop diagrams with exchange of virtual singly and doubly-
charged Higgs scalars. A detailed calculation of these contributions leads to the result
[91, 92, 106, 107]:
BR(l! l0) = 3842 (4 em) jARj2  BR(l! l l0 l0)
=
em
192
 hyh
ll0
2
G2F

1
m2
+
+
8
m2
++
2
BR(l! l l0 l0) ; (2.61)
4Note that we have f(r; sl) < 0, l = e; ;  .
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where l =  and l0 = e, or l =  and l0 = ; e.
Similarly, the leading contribution in the l! 3l0 decay amplitude in the TeV scale HTM
is due to a tree level diagram with exchange of the virtual doubly-charged Higgs scalar
++. The corresponding l ! 3l0 decay branching ratio is given by [104, 105] (see also,
e.g., [28, 92]):
BR(l! 3l0) =
hl0l0hll02
G2F m
4
++
BR(l! l0l0l) = 1
G2F m
4
++
ml0l0mll02
16v4
BR(l! l0l0l) :
(2.62)
We consider next the    e conversion in a generic nucleus N using the eective La-
grangian introduced in eq. (2.57). In the same way has done in Sector 2.1.2, we
parametrize the corresponding conversion rate following the eective eld theory ap-
proach developed in [87]. Taking into account the interaction Lagrangian (2.57), we get
in the type II see-saw scenario
CR(N ! eN ) = (4em)2 2G
2
F
 capt
AR Dp4 em + (2 qu + qd)AL V (p)
2 : (2.63)
Using the properties D = 8e V (p), V (p)=Z = V (n)=N = m5=2 3=2Z2effZ 1=2F (q2)=4,
eqs. (2.58), (2.59) and (2.49), the conversion rate (2.63) reads
CR(N ! eN ) = 
5
em
364
m5
 capt
Z4eff Z F
2( m2)
hyhe

5
24m2
+
+
1
m2
++

+
1
m2
++
X
l=e;;
hyel f(r; sl)hl

2
; (2.64)
where  capt is the experimentally known total muon capture rate.
2.3 See-saw Type III Model
Now, we turn to the study of the type III see-saw [108, 109] extensions of the SM. In
the scenarios under discussion, the SM particle content is enlarged by adding SU(2)L-
triplets of fermions, F jR 

F 1jR; F
2
jR; F
3
jR

, j  2, possessing zero weak hypercharge
and a mass Mk at the electroweak scale: Mk  (100   1000) GeV. The corresponding
interaction and mass terms in the see-saw Lagrangian read:
LIIIseesaw =  `j  `L  eH  F jR   12 (MR)ij FCiL  F jR + h:c: ; (2.65)
where   (1; 2; 3), a being the usual SU(2)L generators in the fundamental repre-
sentation.
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It is convenient in the following discussion to work with the charge eigenstates FjR 
(F 1jR  iF 2jR) and F 0jR  F 3jR. Then, the physical states in the above Lagrangian corre-
spond to electrically charged Dirac and neutral Majorana fermions, which are denoted
as Ej and Nj , respectively:
5
Ej  F jR + F+CjL Nj  F 0CjL + F 0jR : (2.66)
In the basis in which the charged lepton mass matrix is diagonal, the CC and NC weak
interaction Lagrangian of the light Majorana neutrino mass eigenstates j read:
LCC =  
gp
2
` ((1  )U)`i iLW + h:c: ; (2.67)
LNC =  
g
2cw
iL 

U y(1 + 2 )U

ij
jL Z
 : (2.68)
Similarly to the type I see-saw scenario discussed earlier, the heavy Majorana mass
eigenstates Nk might acquire a sizable coupling to the weak gauge bosons through the
mixing with the light Majorana neutrinos:
LNCC =
g
2
p
2
` (RV )`k(1  5)NkW + h:c: ; (2.69)
LNNC =  
g
4cw
`  (RV )`j(1  5)Nj Z + h:c: : (2.70)
In the expressions given above, the non-unitary part of the neutrino mixing matrix, i:e:
the matrix , and the matrix R are dened as in the type I see-saw scenario discussed in
Section 2.1 (see eq. (2.6)), while V in this case diagonalizes the symmetric mass matrix
MR in eq. (2.65): MR = V diag(M1;M2; : : :)V y.
The neutrino Yukawa couplings `j can be partially constrained by low-energy neutrino
oscillation data and electroweak precision observable (see, e:g: [110, 111]). Notice that,
unlike the type I see-saw extension of the Standard Model, now we have avour changing
neutral currents (FCNCs) in the charged lepton sector. The latter are described by the
interaction Lagrangian:
L`NC =
g
2cw
 
`L  (1  4 )``0 `0L   2 s2w `  `

Z : (2.71)
Finally, 6 the interactions of the new heavy charged leptons, Ej , with the weak gauge
bosons at leading order in the mixing angle between the heavy and the light mass
5In the following we will denote as Ej and Nj the mass eigenstates obtained from the diagonalization
of the full charged and neutral lepton mass matrices.
6Flavour changing couplings between the charged leptons and the SM Higgs boson H arise as well
in the TeV-scale type III see-saw scenarios [111] which enter at one-loop in the lepton avour violating
processes (see next subsection).
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eigenstates read:
LECC =   g Ej NjW + g Ej  (RV )`j C`RW + h:c: ; (2.72)
LENC = g cw Ej Ej Z  
g
2
p
2cw
 
`  (RV )`j(1  5)Ej Z + h:c:

: (2.73)
To obtain eqns. from 2.67 to 2.73, we have used the results reported in [111] and taken
into account the equalities:
  (RV )(RV )y =  2 ; (2.74)
(RV )  vp
2
Y yM
 1
 ; (2.75)
which are easy to be seen by comparing our expression for the matrix used to diagonalize
the neutrino mass matrix and those in [111]. Here,  and Y yM
 1
 v=
p
2 are two notations
appearing in [111].
2.4 Chapter Conclusion
In this chapter, we have introduced LFV processes in the class of models, whose eective
Majorana mass term for the light left-handed active neutrinos is generated after elec-
troweak symmetry breaking due to the decoupling of additional \heavy" scalar and/or
fermion representations. We have analyzed in full generality the phenomenology of the
three dierent and well-known (see-saw) mechanisms of neutrino mass generation, in
their minimal formulation: i) type I see-saw models, in which the new particle content
consist of at least 2 RH neutrinos, which are not charged under the SM gauge group; ii)
type III see-saw models, where the RH neutrinos are taken in the adjoint representation
of SU(2)L with zero hypercharge; iii) type II see-saw (or Higgs triplet) models, where
the scalar sector of the theory is extended with the addition of at least one scalar triplet
of SU(2)L coupled to charged leptons.
In the models considered, the scale of new physics associated with the existence of
nonzero neutrino masses and neutrino mixing is assumed to be in the range of  (100 
1000) GeV. In the type I and III see-saw scenarios, this scale is determined by the masses
of the heavy Majorana neutrinos, while in the Higgs Triplet model it corresponds to the
masses of the new singly charged, doubly charged and neutral physical Higgs particles.
In the type I and III see-saw classes of models of interest, the avour structure of the
couplings of the new particles - the heavy Majorana neutrinos Nj - to the charged leptons
and W-boson and to the avour neutrino elds and the Z0-boson, (RV )lj , l = e; ;  ,
are basically determined by the requirement of reproducing the data on the neutrino
oscillation parameters (see, e.g., [62]). In the Higgs Triplet model the Yukawa couplings
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of the new scalar particles to the charged leptons and neutrinos are proportional to the
Majorana mass matrix of the LH active avour neutrinos.
As a consequence, the rates of the LFV processes in the charged lepton sector can
be calculated in the considered models in terms of a few unknown parameters. These
parameters are constrained by dierent sets of data such as, e.g., data on neutrino
oscillations, from EW precision tests, on the LFV processes  ! e + ,  ! 3e, etc.
In the TeV scale type I and III see-saw scenarios considered, all the constraints can be
satised for sizeable values of the couplings j(RV )lj j with two heavy Majorana neutrinos
N1;2, in which the latter have close masses forming a pseudo-Dirac state,M2 =M1(1+z),
M1;2; z > 0, z  1. In those schemes the lightest neutrino mass m0 = 0 and the neutrino
mass spectrum is either normal hierarchical (NH) or inverted hierarchical (IH).
Chapter 3
LFV  Processes in TeV Scale
See-saw Type models
The content of this chapter is based on the results obtained in [107]. We have used the
most updated data of the neutrino oscillation parameters at the given time, which are
reported in [17, 19, 20]. The value of sin2 213 was measured with a rather high precision
and was found to be dierent from zero at 5:2 [19]:
sin2 213 = 0:092 0:016 0:005 ; 0:04  sin2 213  0:14 ; 3 : (3.1)
The results of the analysis [17], in which m221  m2 and jm231j  jm2Aj were
determined as well, are shown in Table 3.1. The best t values of neutrino parameters,
summarized in the Table 3.1, in fact, are dierent very little from the current best
t values (see, e.g., [21], eqs. (1.4) and (1.5)), therefore the results of analyzing LFV
rates of the processes interested with new and old neutrino oscillation data are not very
dierent.
Table 3.1: The best-t values and 3 allowed ranges of the 3-neutrino oscillation
parameters, derived from a global t of the current neutrino oscillation data, including
the T2K and MINOS (but not the Daya Bay) results (from [17]). The Daya Bay data
[19] on sin2 13 is given in the last line. The values (values in brackets) of sin
2 12 are
obtained using the \old" [112] (\new" [113]) reactor e uxes in the analysis.
Parameter best-t (1) 3
m2 [10 5 eV
2] 7.58+0:22 0:26 6.99 - 8.18
jm2Aj [10 3 eV2] 2.35+0:12 0:09 2.06 - 2.67
sin2 12 0.306
+0:018
 0:015 0.259(0.265) - 0.359(0.364)
sin2 23 0.42
+0:08
 0:03 0.34 - 0.64
sin2 13 [17] 0.021(0.025)
+0:007
 0:007 0.001(0.005) - 0.044(0.050)
sin2 13 [19] 0.0236 0:0042 0.010 - 0.036
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3.1 TeV Scale Type I See-Saw Model
3.1.1 The ! e Decay
In this subsection we update briey the discussion of the limits on the parameters of
the TeV scale type I see-saw model, derived in [62] using the experimental upper bound
on the  ! e decay rate obtained in 1999 in the MEGA experiment [114]. After the
publication of [62], the MEG collaboration reported a new more stringent upper bound
on the  ! e decay rate [37] given in eq. (1.6). Such an update is also necessary in
view of the relatively large nonzero value of the reactor angle 13 measured in the Daya
Bay and RENO experiments [19, 20]. As was discussed in [62], in particular, the rate of
the  ! e decay in the type I see-saw scheme considered can be strongly suppressed
for certain values of 13.
Following eq. (4.3), the  ! e decay branching ratio in the scenario under discussion
is given by [58, 59, 85]:
BR(! e) =  (! e)
 (! e+  + e) =
3em
32
jT(e)j2 ; (3.2)
where em is the ne structure constant and [62]
jT(e)j =
2 + z
1 + z
(RV )1 (RV )e1 jG(x) G(0)j : (3.3)
In deriving the expression for the matrix element T(e), eq. (3.3), we have used eq.
(4.2) and assumed that the dierence between M1 and M2 is negligibly small and used
M1 =M2. It is easy to verify that G(x) (see, eq. (2.43)) is a monotonic function which
takes values in the interval [4=3; 10=3], with G(x) = 103   x for x 1.
Using the expressions of j(RV )1j2 and j(RV )e1j2 in terms of neutrino parameters,
eqs. (2.28) and (2.29), we obtain the  ! e decay branching ratio for the NH and
IH spectra:
NH : BR(! e) =
3em
32

y2v2
M21
m3
m2 +m3
2 U3 + irm2m3U2
2 Ue3 + irm2m3Ue2
2 [G(X) G(0)]2 ;(3.4)
IH : BR(! e) =
3em
32

y2v2
M21
1
2
2
jU2 + iU1j2 jUe2 + iUe1j2 [G(X) G(0)]2 : (3.5)
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The data on the process  ! e set very stringent constraints on the TeV scale type
I see-saw mechanism. The upper bound on BR( ! e) was obtained in the MEG
experiment at PSI [37] and is given in eq. (1.6). It is an improvement by a factor of
21 of the upper limit of the MEGA experiment, published in 1999 [114]. The projected
sensitivity of the MEG experiment is BR(! e)  10 13 [37, 115]. ForM1 = 100 GeV
(M1 = 1 TeV) and z  1 we get the following upper limit on the product j(RV )1(RV )e1j
of the heavy Majorana neutrino couplings to the muon (electron) and the W boson
and to the Z0 boson from the the upper limit eq. (1.6):
(RV )1 (RV )e1 < 0:39 10 4 (0:15 10 4) ; (3.6)
where we have used eqs. (3.2) and (3.3). This can be recast as an upper bound on the
neutrino Yukawa coupling y. Taking, e:g:, the best t values of the solar and atmospheric
oscillation parameters given in Table 3.1, we get:
y . 0:024 (0:15) for NH with M1 = 100GeV (1000GeV) and sin 13 = 0:1 ; (3.7)
y . 0:018 (0:11) for IH with M1 = 100GeV (1000GeV) and sin 13 = 0:1 : (3.8)
The constraints which follow from the current MEG upper bound on BR( ! e) will
not be valid in the case of a cancellation between the dierent terms in one of the factors
jU`3 + i
p
m2=m3U`2j2 and jU`2 + iU`1j2, ` = e; , in the expressions (3.4) and (3.5) for
BR( ! e). Employing the standard parametrisation of U , eqs. (2.30) - (2.32), one
can show that in the case of NH spectrum we can have jUe3 + i
p
m2=m3Ue2j = 0 if
[62] (see also [63]) sin( + (21   31)=2) = 1 and tan 13 = (m2=m2A )1=4 sin 12.
Using the 3 allowed ranges of m2, m2A and sin
2 12 given in Table 3.1, we nd that
the second condition can be satised provided sin2 13 > 0:04, which lies outside the 3
range of allowed values of sin2 13 found in the Daya Bay experiment [19] (see eq. (3.1)).
In the case of IH spectrum, the factor jUe2+ iUe1j2 can be rather small for sin(21=2) =
 1: jUe2 + iUe1j2 = c213(1  sin 212) = 0:0765, where we have used the best t values of
sin2 12 = 0:306 and sin
2 13 = 0:0236. It is also possible to have a strong suppression of
the factor jU2 + iU1j2 [62]. Indeed, using the standard parametrisation of the matrix
U , it is not dicult to show that for xed values of the angles 12, 23 and of the phases
21 and , jU2 + iU1j2 has a minimum for
sin 13 =
c23
s23
cos 212 cos  sin
21
2   cos 212 sin 
1 + 2c12 s12 sin
21
2
: (3.9)
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At the minimum we get:
min
 jU2 + iU1j2 = c223  cos  cos 212 + cos 212 sin  sin 212 21 + 2c12 s12 sin 212 : (3.10)
Notice that, from the equation above, the ! e branching ratio is highly suppressed if
the Dirac and Majorana phases take CP conserving values, mainly:  ' 0 and 21 ' .
In this case, from eq. (3.9) we get the lower bound sin 13 & 0:13, which is in agreement
with the Daya Bay measurement reported in Tab. 3.1. On the other hand, assuming
CPV phases, we still may have min(jU2 + iU1j2) = 0, provided 12 and the Dirac
and Majorana phases  and 21 satisfy the following conditions: cos  cos(21=2) +
cos 212 sin  sin(21=2) = 0 and sgn(cos  cos
21
2 ) =  sgn(sin  sin 212 ). Taking cos  > 0
(cos  < 0) and using tan  =   tan(21=2)= cos 212 in eq. (3.9), we get the relation
between s13,  and cos 212, for which min(jU2 + iU1j2) = 0:
sin 13 =
c23
s23
p
1 + tan2  cos 212p
1 + cos2 212 tan2  + 2c12 s12 sgn(cos )
: (3.11)
Using the 3 intervals of allowed values of sin2 12 and sin
2 23 (found with the \new"
reactor e uxes, see Table 3.1) and allowing  to vary in the interval [0,2], we nd
that the values of sin 13 obtained using eq. (3.11) lie in the interval sin 13 > 0:11.
As it follows from eq. (3.1), we have at 3: 0:10 < sin 13 < 0:19. The values of
0:11 < sin 13 < 0:19 correspond to 0   < 0:7. These conclusions are illustrated in
Fig. 3.1. For sin 13 and  lying in the indicated intervals we can have jU2+ iU1j2 = 0
and thus a strong suppression of the  ! e decay rate. As we will see in subsections
3.1.2 and 3.1.3, in the model we are considering, the predicted    e conversion rate
in a given nucleus and ! 3e decay rate are also proportional to j(RV )1(RV )e1j2, as
like the  ! e decay rate. This implies that in the case of the TeV scale type I see-
saw mechanism and IH light neutrino mass spectrum, if, e.g., BR( ! e) is strongly
suppressed due to jU2 + iU1j2 = 0, the    e conversion and the  ! 3e decay rates
will also be strongly suppressed 1. The suppression under discussion cannot hold if,
for instance, it is experimentally established that  is denitely bigger than 1.0. That
would be the case if the existing indications [17] that cos  < 0 receive unambiguous
conrmation.
1 Let us note that in the case of IH spectrum we are discussing actually one has j(RV )1j2 /
jU2+ i
p
m1=m2U1j2 (see eq. (2.29)), with m2 =
pjm2Aj and m1 =qjm2Aj  m2 =pjm2Aj(1 
0:5m2=jm2Aj). Therefore when jU2 + iU1j = 0 we still have jU2 + i
p
m1=m2U1j2 6= 0. However,
in this case jU2 + i
p
m1=m2U1j2 = (m2=(4jm2Aj))2jU1j2 < 1:7 10 5, where we have used  = 0
(which maximises jU1j2) and the best t values of the other neutrino oscillation parameters. Thus, our
conclusions about the suppression of BR(! e), the   e conversion and the ! 3e decay rates are
still valid.
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Figure 3.1: Values of sin 13, as a function of the phase  in the case of IH light
neutrino mass spectrum, which yield a suppressed rate of the process  ! e. The
values are obtained using eq. (3.11), the 2 (3) intervals of allowed values of sin2 12
and sin2 23, yellow (green) points (found with the \new" reactor e uxes, see Table
3.1) and allowing  to vary in the interval [0,2]. The red and blue horizontal lines
correspond to the 3 upper limit sin 13 = 0:191 and the best t value sin 13 = 0:156.
The limits on the parameters j(RV )1j and j(RV )e1j, implied by the electroweak precision
data, eqs. (2.18) - (2.20), and the upper bound on BR(! e), eq. (1.6), are illustrated
in Fig. 3.2. The results shown are obtained for the best t values of sin 13 = 0:156 and
of the other neutrino oscillation parameters given in Table 3.1.
3.1.2 The   e Conversion in Nuclei
We will discuss next the predictions of the TeV scale type I see-saw extension of the SM
for the rate of the  e conversion in nuclei, as well as the experimental constraints that
can be imposed on this see-saw scenario by the current and prospective   e conversion
data. In the type I see-saw scenario of interest, the    e conversion ratio in a nucleus
N is straightforward from eq. (2.50), then we arrive at the expression 2:
CR(N ! eN )   (N ! eN )
 capt
=
5em
24 sin4 W
Z4eff
Z
F ( m2)2 G2Fm5 capt
 (RV )1(RV )e12 jCej2 ; (3.12)
2In the earlier version of the article [107] we have used the expression for jCej found in [116] (in the
notations of ref. [117]) in a model with an active heavy Majorana neutrino. It was pointed out in [118],
however, that the result for jCej of [116] is not directly applicable to the case of TeV scale type I see-saw
model we are considering. The authors of [118] performed a detailed calculation of jCej in the model of
interest and obtained a new expression for jCej. We have performed an independent calculation of the
factor jCej in the model under discussion. Our result for jCej coincides with that derived in [118].
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Figure 3.2: Correlation between j(RV )e1j and j(RV )1j in the case of NH (upper
panels) and IH (lower panels) light neutrino mass spectrum, for M1 = 100 (1000) GeV
and, i) y = 0:0001 (magenta points), ii) y = 0:001 (blue points), iii) y = 0:01 (red
points) and iv) y = 0:1 (cyan points), while neutrino oscillation parameters are varying
in the 3 allowed ranges. The constraints from several LFV processes discussed in the
text are shown.
where  capt is the total muon capture rate, the loop integral factor
Ce = Z
h
2F (e)u (x) + F
(e)
d (x)
i
+N
h
F (e)u (x) + 2F
(e)
d (x)
i
; (3.13)
F (e)q (x) = Qq sin
2 W
h
F(x)  F (e)z (x) +G(x)
i
+
1
4
h
2I3F
(e)
z (x) + F
(eqq)
B (x)
i
; (3.14)
F (e)z (x) = Fz(x) + 2Gz(0; x); F
(euu)
Box (x) = FBox(x; 0)  FBox(0; 0) ; (3.15)
F
(edd)
Box (x) = FXBox(x; 0)  FXBox(0; 0) ; (3.16)
and x =M21 =M
2
w.
In the following we will present the results for three nuclei which were used in the
past, and are of interest for possible future    e conversion experiments: 4822Ti, 2713Al
and 19779 Au. For these nuclei, one has, respectively: i) Zeff = 17:6; 11:62 ; 33:64, ii)
F (q2 =  m2)  0:54; 0:64; 0:20, and iii)  capt = 2:59; 0:69; 13:07 106 sec 1 [43].
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Figure 3.3: The   e conversion loop integration factor Ce versus the see-saw mass
scale M1, for three dierent nuclei: i)
48
22Ti (blue line), ii)
27
13Al, (green line), and iii)
197
79 Au (red line).
The dependence of the loop integration factor Ce on the see-saw mass scale M1 for the
three nuclei of interest is shown in Fig. 3.3. The rst feature to notice is that jCej for
48
22Ti,
27
13Al and
197
79 Au has maxima jCej = 34:4; 20:4; 124 at M1 = 250; 267; 214 GeV,
respectively. AtM1 = 250 GeV, jCej for 2713Al and 19779 Au takes the values jCe(Al)j = 20:4
and jCe(Au)j = 123:1; at M1 = 267 GeV, we have jCe(Ti)j = 34:4 and jCe(Au)j =
122:4; and nally, at M1 = 214 GeV, we nd jCe(Ti)j = 34:3 and jCe(Al)j = 20:2.
These maxima of jCej give the biggest enhancement factors for the conversion rate when
M1  1000 GeV. Beside the maxima, jCej goes through zero at M1 = 4595; 6215; 2470
GeV for 4822Ti,
27
13Al and
197
79 Au, respectively, as was noticed also in [118].
Qualitatively, the dependence of the factor jCej dened in eq. (3.15) on M1 exhibits
the same features as the factor jCej derived in [116], namely [107], at goes through
zero at a certain value of M1 = M
0
1 (N ) which depends on the nucleus N and is a
monotonically increasing function of M1 in the interval [50 GeV, 10
4 GeV] when M1
decreases (increases) starting from the value M1 = M
0
1 (N ). The values of M01 (N ) at
which jCej given in (3.15)) and that obtained in [116] are zero dier roughly by a factor
of 10 to 20, depending on the nucleus N .
For M1 lying inside the interested interval (100 - 1000) GeV, the loop integration factor
jCej takes rather large values for each of the three nuclei. As our calculations show,
jCej is not smaller than 23.4 for the Ti and 14.9 for the Al, while for the Au nucleus
it exceeds 64.1. Since the    e conversion rate is enhanced by the factor jCej2, it is
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Figure 3.4: The ratio of the    e relative conversion rate and the branching ratio
of the i)  ! e decay (solid lines), ii)  ! 3e decay (dashed lines), versus the type I
see-saw mass scale M1, for three dierent nuclei:
48
22Ti (blue lines),
27
13Al (green lines)
and 19779 Au (red lines).
very sensitive to the product j(RV )1(RV )e1j of CC couplings of the heavy Majorana
neutrinos to the electron and muon for the values of M1 in the interval of interest.
The best experimental upper bound on the conversion rate is [39]: CR(Ti ! eTi) .
4:3  10 12. This bound implies a constraint on j(RV )1(RV )e1j, which is shown in
Fig. 3.2 for M1 = 100; 1000 GeV. It is quite remarkable that, as Fig. 3.2 shows, the
constraint on the product of couplings j(RV )1(RV )e1j implied by the best experimental
upper limit on CR(Ti! eTi) and BR(! e) are almost the same forM1 = 100 GeV
although the experimental upper limits for BR(! e) is about 4 time more stringent
than those for BR( ! e) and the expression for CR(Ti ! eTi) has an additional
factor of  = 1=137 with respect to the expression for BR( ! e). For M1 = 1000
GeV, the constraint from BR(! e) is more stringent.
Future experimental searches for    e conversion in 4822Ti can reach the sensitivity of
CR(Ti! eTi)  10 18 [43]. Therefore, for values of M1 outside the narrow intervals
quoted above for which the loop integration factor jCej is strongly suppressed, an upper
bound on the    e conversion ratio of O(10 18) can be translated into the following
stringent constraint on the heavy Majorana neutrino CC couplings to the muon and
electron:
(RV )1(RV )e1 . 2:17 10 8 (2:63 10 8) for M1  100 (1000) GeV : (3.17)
As being noticed earlier, the two parameters of the type I see-saw model considered,
the mass scale M1 and the Yukawa coupling y, can be determined, in principle, from
data on BR( ! e) (or BR( ! 3e)) and CR(Ti ! eTi) if the two processes will
be observed. Actually, the ratio of the rates of    e conversion in any given nucleus
N , CR(N ! eN ) and of the ! e decay depends only on the mass (scale) M1 and
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can be used, in principle, to determine the latter. In the case of    e conversion on
titanium, for instance, we nd:
R

  e
! e

 CR(Ti! eTi)
BR(! e)  5:95 (0:48) for M1  100 (1000) GeV : (3.18)
The correlation between CR(N ! eN ) and BR( ! e) in the model considered is
illustrated in Fig. 3.4. The type I see-saw mass scale M1 would be uniquely determined
if    e conversion is observed in two dierent nuclei or if, e.g., the  ! e decay
or    e conversion in a given nucleus is observed and it is experimentally established
that R(  e!e ) < 10 3. In the latter case M1 could be determined with a relatively
high precision. Furthermore, as Fig. 3.4 indicates, if the RH neutrino mass M1 lies in
the interval (50   1000) GeV, M1 would be uniquely determined provided R(  e!e ) is
measured with a suciently high precision.
We also note that the correlation between CR(N ! eN ) and BR(! e) in the type
I see-saw model considered is qualitatively and quantitatively very dierent from the
correlation in models where the  e conversion is dominated by the photon penguin di-
agram, e.g., the supersymmetric high-scale see-saw model which predicts approximately
[119] CR(Ti! eTi)  5 10 3BR(! e).
3.1.3 The ! 3e Decay
The l ! 3l0 decay branching ratio has been introduced in Subsection 2.1.2 in a type I
see-saw mechanism of neutrino mass generation with arbitrary xed number of heavy
RH neutrinos. After adapting the result for  ! 3e decay in the scenario considered
with two approximately equal mass heavy neutrinos N1 and N2, we nd in the model
of interest to the leading order in the small parameters j(RV )l1j:
BR(! 3e) = 
2
em
162 sin4 W
(RV )1(RV )e12 jC3e(x)j2 ; (3.19)
jC3e(x)j2 = 2
12F3eB + F3ez   2 sin2 W (F3ez   F)
2 + 4 sin4 W F3ez   F2
+16 sin2 W

(F3ez +
1
2
F3eB )G

  48 sin4 W

(F3ez   F3e )G

+32 sin4 W jG j2
 
log
m2
m2e
  11
4
!
; (3.20)
where F(x), G(x), Fz(x), Gz(x; y), FXBox(x; y) can be found in (A.27), (A.28), (A.54),
(A.56), (A.72), and
F3ez (x) = Fz(x) + 2Gz(0; x); F
3e
B (x) =  2(FXBox(0; x)  FXBox(0; 0)): (3.21)
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Figure 3.5: The  ! 3e decay rate factor jC3ej2 as a function of the see-saw mass
scale M1.
The dependence of the  ! 3e decay rate factor jC3ej2 on the type I see-saw mass
scaleM1 is shown in Fig. 3.5. AtM1 = 100 (1000) GeV we have: jC3ej2 = 1:75 (38:73),
i.e., jC3ej2 increases by a factor of 22 when M1 changes from 100 GeV to 1000 GeV.
Using the quoted values of jC3ej2 we get the following constraint from the current limit
on BR(! 3e), eq. (1.7):
(RV )1(RV )e1 . 3:01 10 4 (6:39 10 5) for M1 = 100 (1000) GeV : (3.22)
Thus, for M1 = 100 (1000) GeV the constraint on j(RV )1(RV )e1j obtained using the
current experimental upper limit on BR( ! 3e) is by a factor of 7.7 (4.3) less strin-
gent than that obtained from the current upper limit on BR( ! e) (see eq. (3.6)),
respectively. In conclusion, for M1 = 100 GeV, the upper limit on j(RV )1(RV )e1j from
the current experimental bound on the   e conversion and ! e decay, are similar
qualitative; while for M1 = 1000 GeV, the most stringent constraint is from  ! e
current upper bound. This is clearly seen in Fig. 3.2. It follows also from Fig. 3.2 that
an experiment sensitive to a   e conversion rate CR(Al! eAl)  10 16, will probe
smaller values of the product of couplings j(RV )1(RV )e1j than an experiment sensitive
to BR(! 3e) = 10 15.
In Fig. 3.4 we show the correlation between CR(N ! eN ) and BR( ! 3e) in the
TeV scale see-saw model considered. As it follows from Fig. 3.4, the observation of the
! 3e decay or of the   e conversion in a given nucleus, combined with data on the
ratio CR(N ! eN )=BR( ! 3e) would lead either to a unique determination of the
type I see-saw scaleM1, or to two values, or else to a relatively narrow interval of values,
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Figure 3.6: The dependence of j(hyh)ej on sin 13 for v = 9:5 eV and  = 0 (solid
lines) and  = =2 (dashed line). The other neutrino oscillation parameters are set to
their best t values given in Table 3.1. The vertical line corresponds to the current 3
allowed minimal value of sin 13 (see eq. (3.1)).
of M1 compatible with the data. One can get the same type of information on the scale
M1 from data on the ratio BR( ! 3e)=BR( ! e), provided at least one of the two
decays ! e and ! 3e is observed.
It should be added nally that for M1 > 100 GeV we have: BR( ! 3e)=BR( !
e) > 0:031. Thus, if it is experimentally established that BR(! 3e)=BR(! e) is
denitely smaller than the quoted lower bound, the model considered with M1 > 100
GeV will be ruled out. Such a result would be consistent also just with a see-saw scale
M1 < 100 GeV.
3.2 TeV Scale Type II See-Saw Model
3.2.1 The ! e Decay
The ! e decay branching ratio in the case under discussion is taken from (2.61):
BR(! e) = em
192
 hyhe2
G2F

1
m2
+
+
8
m2
++
2
: (3.23)
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For m+ = m++  M, the upper limit on BR( ! e) reported by the MEG
experiment, eq. (1.6), implies the following upper bound on j(hyh)ej:hyhe
 < 2:8 10 6  M100GeV
2
: (3.24)
One can use this upper bound, in particular, to obtain a lower bound on the vacuum
expectation value of 0, v
3. Indeed, from eq. (2.55) it is not dicult to get:hyhe
 = 14v2
Ue2 U y2m221 + Ue3 U y3m231 ; (3.25)
where we have used the unitarity of U . The above expression for j(hyh)ej is exact.
It follows from eq. (3.25) that the prediction for j(hyh)ej, and thus for BR( ! e),
depends, in general, on the Dirac CPV phase  of the standard parametrisation of the
PMNS matrix U (see eq. (2.30)). For the best t values of sin2 13 = 0:0236 and of the
other neutrino oscillation parameters listed in Table 3.1, the term / m221 in eq. (3.25)
is approximately a factor of 10 smaller than the term / m231. In this case, BR(! e)
exhibits a relatively weak dependence on the type of the neutrino mass spectrum and
on the Dirac phase . Neglecting the term / m221, we obtain from (3.24) and (3.25):
v > 2:98 102
s13 s23m231 12 100GeVM

= 4:30 eV

100GeV
M

: (3.26)
For the 3 allowed ranges of values of sin2 213 given in eq. (3.1) and of the other neutrino
oscillation parameters quoted in Table 3.1, the absolute lower bound on v corresponds
approximately to v > 2:1 eV (100GeV)=M and is reached in the case of m
2
31 > 0
(m231 < 0) for  =  (0).
We note further that if  = =2 (3=2), the term / m221 in the expression for j(hyh)ej
(and thus for BR(! e)) always plays a subdominant role as long as the other neutrino
oscillation parameters lie in their currently allowed 3 ranges. Therefore in this case the
dependence of BR( ! e) on the type of neutrino mass spectrum is negligible. The
specic features of the predictions for j(hyh)ej discussed above are illustrated in Fig.
3.6.
Exploiting the fact that v2j(hyh)ej is known with a rather good precision, we can write:
BR(! e) = 2:7 10 10

1 eV
v
4 100GeV
M
4
; (3.27)
where we have used eq. (3.23) and the best t values of the neutrino oscillation parame-
ters. It follows from eq. (3.27) that for the values of v andM (or m+ and/or m++)
3This was noticed also in [120].
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Figure 3.7: The dependence of jmeemej on the lightest neutrino mass m1 in the
case of neutrino mass spectrum with normal ordering (m2A > 0), for four sets of
values of the Dirac and the two Majorana CPV phases, [; 21; 31]. The depicted
curves correspond to the best t values of sin 13 (eq. (3.1)) and of the other neutrino
oscillation parameters given in Table 3.1. The scattered points are obtained by varying
the neutrino oscillation parameters within their corresponding 3 intervals and giving
random values to the CPV Dirac and Majorana phases.
of interest, BR(! e) can have a value within the projected sensitivity of the ongoing
MEG experiment.
3.2.2 The ! 3e Decay
Let us start this subsection by writing down the  ! 3e decay branching ratio in the
scenario of Tev scale type II seesaw from the general case, which was expressed in eq.
(2.62)
BR(! 3e) = 1
G2F
j(hy)ee(h)ej2
m4
++
=
1
G2F m
4
++
jmeemej2
16 v4
; (3.28)
where we have used eq. (2.54). From the present limit BR( ! 3e) < 10 12, one can
obtain the following constraint on j(hy)ee(h)ej:
j(hy)ee(h)ej < 1:2 10 7
 m++
100GeV
2
: (3.29)
In the model under discussion, BR( ! 3e) depends on the factor jmeemej, which
involves the product of two elements of the neutrino Majorana mass matrix, on the
neutrino mass spectrum and on the Majorana and Dirac CPV phases in the PMNS
matrix U . For the values of m+ and m++ in the range of  (100  1000) GeV and of
v  1 MeV of interest, mee practically coincides with the eective Majorana mass in
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Figure 3.8: The same as in Fig. 3.7 in the case of a light neutrino mass spectrum
with inverted ordering (m2A < 0) (see text for details).
neutrinoless double beta (()0-) decay (see, e.g., [28, 121{124]), hmi:
jmeej =

3X
j=1
mjU
2
ej
 = jhmij : (3.30)
Depending on the type of neutrino mass spectrum, the value of the lightest neutrino
mass and on the values of the CPV Majorana and Dirac phases in the PMNS matrix,
jmeej can take any value between 0 and m0, where m0 = m1 = m2 = m3 is the value of
the neutrino masses in the case of quasi-degenerate (QD) spectrum, m0 > 0:1 eV (see,
e.g., [121{123]). It follows from the searches for the ()0-decay that jmeej < m0 < 1
eV, while the cosmological constraints on the sum of the neutrino masses implym0 < 0:3
eV (see, e.g., [1]). As is well known, the ()0-decay is claimed to have been observed
in [125, 126], with the reported half-life corresponding to [126] jmeej = 0:32  0:03 eV.
This claim will be tested in a new generation of ()0-decay experiments which either
are already taking data or are in preparation at present (see, e.g., [1, 29]).
In the case of NH light neutrino mass spectrum with m1  10 4 eV, jmeej lies in the
interval 3:610 4 eV < jmeej < 5:210 3 eV. This interval was obtained by taking into
account the 3 allowed ranges of values of sin2 13 (eq. (3.1)), sin
2 12, sin
2 23 and m
2
and m2A. For the best t values of the latter we get
4: 1:4510 3 eV < jmeej < 3:75
10 3 eV. The minimal and the maximal values correspond to the combination of the
CPV phases (21   31 + 2) =  and 0, respectively. However, for m1 > 10 4 eV,
4The numerical values quoted further in this subsection are obtained for the indicated best t values
of the neutrino oscillation parameters, unless otherwise stated.
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one can have jmeej = 0 for specic values of m1 if the CPV phases 21 and 31   2
possess the CP conserving values 21 =  and (31   2) = 0;  (see, e.g., [54]): for the
[; 0] combination this occurs at m1 = 2:3 10 3 eV, while in the case of the [; ] one
we have jmeej = 0 at m1 = 6:5  10 3 eV. If the light neutrino mass spectrum is with
inverted ordering (m2A  m232 < 0, m3 < m1 < m2) or of inverted hierarchical (IH)
type (m3  m1 < m2), we have [127] jmeej >
q
jm2Aj+m23 cos 212 > 1:27 10 2 eV,
while in the case of QD spectrum, jmeej > m0 cos 212 > 2:8 10 2 eV, where we used
the 3 minimal allowed values of jm2Aj and cos 212.
We consider next briey the dependence of the neutrino mass matrix element jmej on
the type of the neutrino mass spectrum and on the CPV Majorana and Dirac phases.
In the case of NH spectrum with m1 = 0, the maximal value of jmej is obtained for
31   21 = ,  = , and reads: max(jmej) = 8:1  10 3 eV. We get jmej = 0
for 21 = ,  = 0 () and 31 = 0 (). As can be shown, for each of these two
sets of values of the CPV phases, the zeros take place at essentially the same value of
m1 = 4:3  10 3 eV (Fig. 3.7). If the neutrino mass spectrum is of the IH type with
negligible m3 = 0, the maximal value of jmej corresponds to  = 0 and 21 =  and is
given by max(jmej) =
q
jm2Aj c13(c23 sin 212 + s23s13 cos 212). The element jmej is
strongly suppressed, i.e., we have jmej  max(jmej), for  = =2 and a value of the
Majorana phase 21 which is determined by the equation:
c23 c12 s12 sin21 =
 
c212 + s
2
12 cos21

s23 s13 : (3.31)
For the best t values of the neutrino mixing angles this equation is satised for 21 =
0:283.
The properties of jmeej and jmej described above allow us to understand most of the
specic features of the dependence of the quantity jmeemej of interest on the the neu-
trino mass spectrum and the leptonic CPV phases. For NH spectrum and negligible
m1 = 0, the maximum of the latter is obtained for 31   21 =  = 0 and is given by:
max(jmeemej) =
 m2 s212 c213 +m3 s213 c13 (m2 s12(c12 c23   s12 s23 s13) +m3 s23 s13) ;
(3.32)
with m2 =
q
m2 and m3 =
q
m2A. Using the best t values of the neutrino oscil-
lation parameters we get max(jmeemej) = 2:9 10 5 eV2 (see Fig. 3.7). This implies
BR( ! 3e) < 6  10 9(1 eV=v)4(100 GeV=m++)4. In the case of NH spectrum
and non-negligible m1 we have jmeemej = 0 for the values of the CPV phases and m1
discussed above, for which either jmeej = 0 or jmej = 0. The scattered points in Fig.
3.7 correspond to the possible values the quantity jmeemej can assume when varying
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the neutrino oscillation parameters within their corresponding 3 intervals and giving
random values to the CPV Dirac and Majorana phases from the interval [0,2].
The maximum of jmeemej for the IH spectrum with a negligible m3 is reached for  = 0
and 21 = , and reads:
max(jmeemej) =
m2A c313 12 c23 sin 412 + s23 s13 cos2 212

: (3.33)
Numerically this gives max(jmeemej) = 6:1  10 4 eV2 (Fig. 3.8). For BR( ! 3e)
we thus obtain: BR(! 3e) < 2:4 10 6(1 eV=v)4(100 GeV=m++)4. One can have
jmeemej  max(jmeemej) in the case of IH spectrum with m3 = 0 for, e.g.,  = =2
and 21 = 0:283, for which jmej has a minimum. For the indicated values of the phases
we nd: jmeemej = 1:2  10 6 eV2 (see Fig. 3.8). Similarly to the case of a neutrino
mass spectrum with normal ordering discussed above, we show in Fig. 3.8 the range of
values the LFV term jmeemej can assume (scattered points).
Finally, in the case of QD spectrum, jmeemej will be relatively strongly suppressed with
respect to its possible maximal value for this spectrum (i.e., we will have jmeemej 
max(jmeemej)) if, e.g., the Majorana and Dirac phases are zero, thus conserving the
CP symmetry: 21 = 31 =  = 0. Then one has: jmeemej = jm2Ajs13s23c13=2 =
1:2 10 4 eV2. Note that this value is still larger than the maximal value of jmeemej
for the NH neutrino mass spectrum with a negligible m1 (see Fig. 3.7). The maximum
of jmeemej takes place for another set of CP conserving values of the Majorana and
Dirac phases: 21 = 31 =  and  = 0. At the maximum we have:
max(jmeemej) = m20
 
c313 cos 212   s213

c13
 
c23 sin 212 + 2 c
2
12s23 s13

; m0 > 0:1 eV :
(3.34)
For the best t values of the neutrino mixing angles we get max(jmeemej) = 0:3m20.
For m0 < 0:3 eV this implies max(jmeemej) < 2:7  10 2 eV2, leading to an upper
bound on BR( ! 3e), which is by a factor approximately of 4:1  103 larger than in
the case of IH spectrum.
The features of jmeemej discussed above are illustrated in Figs. 3.7 and 3.8.
It should be clear from the preceding discussion that in the case of the type II see-
saw model considered, the value of the quantity j(hy)ee(h)ej2 / jmeemej2, and thus
the prediction for BR( ! 3e), depends very strongly on the type of neutrino mass
spectrum. For a given spectrum, it exhibits also a very strong dependence on the values
of the Majorana and Dirac CPV phases 21, 31 and , as well as on the value of the
lightest neutrino mass, min(mj). As a consequence, the prediction for BR( ! 3e) for
given v andm++ can vary by a few to several orders of magnitude when one varies the
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values of min(mj) and of the CPV phases. Nevertheless, for all possible types of neutrino
mass spectrum - NH, IH, QD, etc., there are relatively large regions of the parameter
space of the model where BR(! 3e) has a value within the sensitivity of the planned
experimental searches for the  ! 3e decay [45]. The region of interest for the NH
spectrum is considerably smaller than those for the IH and QD spectra. In the case NO
spectrum (m2A > 0), BR(! 3e) can be strongly suppressed for certain values of the
lightest neutrino mass m1 from the interval  (2 10 3   10 2) eV (Fig. 3.7). For the
IO spectrum (m2A < 0), a similar suppression can take place for m3  10 2 eV (Fig.
3.8). In the cases when jmeemej2 is very strongly suppressed, the one-loop corrections
to the  ! 3e decay amplitude should be taken into account since they might give a
larger contribution than that of the tree level diagram we are considering. The analysis
of this case, however, is beyond the scope of the present investigation.
3.2.3 The   e Conversion in Nuclei
Using the formula (2.64) and assuming that m+ = m++  M, the conversion rate
can be written as
CR(N ! eN ) = 
5
em
364
m5
 capt
Z4eff Z F
2( m2)
C(II)e 2 ; (3.35)
where
C(II)e 
1
4v2
2429
24

mym

e
+
X
l=e;;
myel f(r; sl)ml
35 ; (3.36)
r = m2=M
2
, sl = m
2
l =M
2
 and we have used eq. (2.54).
The upper limit on the  e conversion rate in Ti, eq. (1.8), leads to the following upper
limit on jC(II)e j:
jC(II)e j < 1:24 10 4

M
100GeV
2
: (3.37)
In obtaining it we have used the values of  capt, Zeff , Z and F ( m2) for Ti given in
subsection 3.1.2. An experiment sensitive to CR(Ti! eTi)  10 18 [43] will be able
to probe values of jC(II)e j > 5:8 10 8 (M=(100GeV))2.
The    e conversion rate in a given nucleus depends through the quantity C(II)e , on
the type of neutrino mass spectrum and the Majorana and Dirac CPV phases in the
PMNS matrix. Using the best t values of the the neutrino oscillation parameters and
performing a scan over the values of the CPV phases and the lightest neutrino mass,
which in the cases of NO (m2A > 0) and IO (m
2
A < 0) spectra was varied in the
intervals (10 4   1) eV and (10 5   1) eV, respectively, we have identied the possible
ranges of values of 4v2jC(II)e j. The latter are shown in Figs. (3.9) and (3.10).
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Figure 3.9: The dependence of 4v2jC(II)e j (given in eV2) on the lightest neutrino
mass m1 in the case of neutrino mass spectrum with normal ordering (m
2
A > 0), for
two sets of values of the Dirac and the two Majorana CPV phases, [; 21; 31] and
M = 200 (1000) GeV, plain (dashed) curves. The gure is obtained for the best t
values of sin 13 (eq. (3.1)) and of the other neutrino oscillation parameters given in
Table 3.1 (see text for details).
For M = 200 (1000) GeV and NH spectrum with negligible m1 (m1  10 3 eV), the
maximal value of 4v2jC(II)e j occurs for [; 21; 31] = [0; 0; 0] and at the maximum we
have 4v2jC(II)e j = 2:9 (3:8)  10 3 eV2. For values of the CPV phases [; 21; 31] =
[0; ; 0] and M = 200 GeV, 4v
2
jC(II)e j goes through zero at m1 = 2  10 2 eV (Fig.
3.9). In the case of a larger charged scalar mass, i:e: M = 1000 GeV, such cancellation
occurs at a dierent value of the lightest neutrino mass, mainly m1 = 0:025 eV.
The maximum of 4v2jC(II)e j in the case of IH spectrum with negligible m3, occurs for
maximal CPV phases: [; 21; 31] = [=2; 3=2; 0]. At the maximum in this case one
has 4v2jC(II)e j = 6 (7)  10 3 eV2 for M = 200 (1000) GeV. As Fig. 3.10 shows, for
other sets of values of the CPV phases, 4v2jC(II)e j can be much smaller. Taking again
CP conserving phases, e:g: [; ; 0], one can get a strong suppression of the branching
ratio for m3 = 7:2 (15) 10 3 eV and M = 200 (1000) GeV. Allowing sin 13 to take
values other than the best t one, we nd that 4v2jC(II)e j can even go through zero at,
e.g., [; 21; 31] = [; ; =2] for sin 13 = 0:137, which lies within the 2 allowed region.
In Fig. 3.10 we report other examples in which the CPV phases in the PMNS matrix
take dierent sets of CP violating values and the quantity 4v2jC(II)e j (and the conversion
rate) can vary by several orders of magnitude for specic values of the lightest neutrino
mass m3 and the see-saw mass scale M.
If the neutrino mass spectrum is quasi-degenerate, m1;2;3 = m0 > 0:1 eV, we have for
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Figure 3.10: The same as in Fig. 3.9 in the case of a light neutrino mass spectrum
with inverted ordering.
m0 < 0:3 eV: 2:810 3 eV2 < 4v2jC(II)e j < 0:4 eV2. The minimal value corresponds to
m2A > 0 (NO spectrum) and [; 21; 31] = [; 0; 0]; for e:g: [; 21; 31] = [0; 0; 0] and
M = 200 GeV we get in the QD region 4v
2
jC(II)e j = 3:3 10 3 eV2 (Fig. 3.9).
Finally, the scattered points in Figs. 3.9 and 3.10 are obtained by varying all the neutrino
oscillation parameters within the corresponding 3 intervals and allowing for arbitrary
values of the Dirac and Majorana phases in the interval [0,2].
We remark that the previous estimates, as well as Figs 3.9 and 3.10, were realized under
the assumption that the singly- and doubly-charged scalars have masses of the same
order, i:e: m+ = m++  M. The case in which the dominant contribution to the
conversion amplitude is provided by the exchange of ++, i:e: for m+  m++ & 100
GeV, shows similar features: the upper limits of the conversion ratio in the cases of NO
and IO spectra are unchanged and a strong suppression can occur for specic values of
the CPV phases and min(mj). Taking, instead, the opposite limit m++  m+ , with
m+ = (100 1000) GeV, the dominant contribution to the  e conversion amplitude is
given by the exchange of the singly-charged scalar, therefore we have: jC(II)e j / j(hyh)ej.
As it was pointed out in subsection 3.2.1, j(hyh)ej shows a relative weak dependance
on the type of neutrino mass spectrum and on the CPV phases in the PMNS matrix.
Moreover, no suppression of the conversion amplitude occurs if sin 13 is taken within the
current 3 experimental bound (see Fig. 3.6). In this case, from the best experimental
upper bound on the conversion rate in Ti, CR(Ti ! eTi) < 4:3  10 12, we get the
constraint:
j(hyh)ej < 6 10 4
 m+
100GeV
2
; (3.38)
42 Chap. 3: LFV  Processes in TeV Scale See-saw Type models
which provides a weaker bound with respect to that obtained from the  ! e decay
(see eq. (3.24)). A  e conversion experiment sensitive to i:e: CR(Ti! eTi)  10 18,
can probe values of j(hyh)ej which are by a factor 2  103 smaller and could set the
limit:
j(hyh)ej < 3 10 7
 m+
100GeV
2
: (3.39)
3.3 TeV Scale Type III See-Saw Model
In this section, we are going to study briey the  ! e,  ! 3e decays and the
 ! e conversion in the scenario of type III see-saw model, which has been introduced
in section 2.3.
3.3.1 The ! e Decay
Charged lepton radiative decays receive additional contributions with respect to the
scenario with singlet RH neutrinos, due to the presence of new lepton avour violating
interactions in the low energy eective Lagrangian (see eqs. (2.71) and (2.73)). Following
the computation reported in [111], we have for the ! e decay branching ratio in the
present scenario:
BR(! e) = 3em
32
jT j2 ; (3.40)
where the amplitude T is given by
T =  2

13
3
+ C

e +
X
k
(RV )ek(RV )

k [A(xk) +B(yk) + C(zk) ] ; (3.41)
with xk = (Mk=MW )
2, yk = (Mk=MZ)
2, zk = (Mk=MH)
2 and C '  6:56. The loop
functions A(xk), B(yk) and C(zk) read [111]:
A(x) =
 30 + 153x   198x2 + 75x3 + 18 (4  3x)x2 log x
3(x  1)4 ; (3.42)
B(y) =
33   18 y   45 y2 + 30 y3 + 18 (4  3 y) y log y
3(y   1)4 ; (3.43)
C(z) =
 7 + 12 z + 3 z2   8 z3 + 6 (3 z   2) z log z
3(z   1)4 : (3.44)
In the simple scenario of degenerate fermion triplets with an overall mass scale M we
obtain taking MH = 125 GeV:
T=e = 11:6 (5:2) ; for M = 100 (1000) GeV : (3.45)
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N D m 5=2 V (p) m 5=2 V (n) m 5=2  capt (106 s 1)
48
22Ti 0.0864 0.0396 0.0468 2.590
27
13Al 0.0362 0.0161 0.0173 0.7054
197
79 Au 0.189 0.0974 0.146 13.07
Table 3.2: Nuclear parameters related to    e conversion in 4822Ti, 2713Al and 19779 Au.
The numerical values of the overlap integrals D, V (p) and V (n) are taken from [87].
For M = 100 (1000) GeV, the current best upper limit on the ! e decay branching
ratio obtained in the MEG experiment, eq. (1.6), implies the bound:
jej < 4:4 (9:7) 10 6 ; for M = 100 (1000) GeV : (3.46)
If no positive signal will be observed by the MEG experiment, that is if it results that
BR( ! e) < 10 13, the following upper limit on the non-unitarity lepton avour
violating coupling jej can be set:
jej < 2 (4) 10 6 ; for M = 100 (1000) GeV : (3.47)
3.3.2 The ! 3 e and   e Conversion in Nuclei
The eective  e Z eective coupling in the Lagrangian (2.71) provides the dominant
contribution (at tree-level) to the ! 3e decay rate and the   e conversion rate in a
nucleus. In the case of the rst process we have (see, e:g:, [110]):
BR(! 3e) ' 16 jej2

3 sin4 W   2 sin2 W + 1
2

: (3.48)
Taking into account the experimental upper limit reported in (1.7), we get the following
upper limit on the   e eective coupling:
jej < 5:6 10 7 : (3.49)
which is a stronger constraint with respect to the one derived from the non-observation
of the ! e decay (see eqs. (3.47) and (3.46)), mediated (at one-loop) by an eective
dipole operator.
More stringent constraints on the eective   e Z coupling can be obtained using the
data from the  e conversion experiments. Indeed, according to the general parametri-
sation given in [87] (see also [111, 128]), we have for the    e conversion ratio in a
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nucleus N with N neutrons and Z protons:
CR(N ! eN ) = 2G
2
F
 capt
jCej2
(2 gLV (u) + gLV (d))V (p) + (gLV (u) + 2 gLV (d))V (n)2 ;
(3.50)
where in this case
Ce  4 e ; (3.51)
V (n) ' N
Z
V (p) ; gLV (u) = 1 
8
3
s2w and gLV (d) =  1 +
4
3
s2w : (3.52)
The parameters Dm
 5=2
 , V (p)m
 5=2
 and  capt for
48
22Ti,
27
13Al and
197
79 Au are given in
Table 3.2.
An upper bound on jej can be derived from the present experimental upper limit on
the    e conversion rate in the nucleus of 4822Ti, CR(Ti ! eTi) . 4:3  10 12. From
eqs. (3.50)-(3.52) we get:
jej . 2:6 10 7 : (3.53)
If in the  e conversion experiments with 4822Ti the prospective sensitivity to CR(Ti!
eTi)  10 18 will be reached, these experiments will be able to probe values of jej as
small as jej  1:3 10 10.
3.4 Chapter Conclusion
In this chapter, we have performed a detailed analysis of charged lepton avour violating
(LFV) processes   ! e, ! 3e and  e conversion in nuclei   in the context of see-
saw type extensions of the Standard Model, in which the scale of new physics  is taken
in the TeV range,   (100   1000) GeV. We summarize below the phenomenological
implications of a possible observation of the LFV processes given above for each kind of
(TeV scale) see-saw extensions of the SM.
Type I see-saw results. In this case, the  ! e and  ! 3e decay branching
ratios BR( ! e) and BR( ! 3e), and the    e conversion rate in a nucleus N ,
CR(N ! eN ), N = Al, Ti, Au, can have values close to the existing upper limits
and within the sensitivity of the ongoing MEG experiment searching for the  ! e
decay and the future planned    e conversion and  ! 3e decay experiments [41{45].
The relevant LFV observable in the minimal scenario, with the addition of only two RH
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neutrinos to the SM particle content, is provided by the quantity j(RV )1(RV )e1j, where
(RV )`j (j = 1; 2) denote the couplings of the fermion singlets to the SM charged leptons
(see eqs. (2.28) and (2.29)). If MEG experiment reaches the projected sensitivity and
no positive signal will be observed implying that BR( ! e) < 10 13, there still will
be a relatively large interval of values of j(RV )1(RV )e1j, as Fig. 3.2 shows, for which
the    e conversion and  ! 3e decay are predicted to have observable rates in the
planned next generation of experiments.
It follows from the analysis performed by us that as a consequence of an accidental
cancellation between the contributions due to the dierent one-loop diagrams in the
   e conversion amplitude, the rate of    e conversion in Al and Ti or in Au can be
strongly suppressed for certain values of the see-saw scale M1. As we have seen, this
suppression can be ecient either for the conversion in Al and Ti or for the conversion
in Au, but not for all the three nuclei, the reason being that the values of M1 for which
it happens in Al and Ti dier signicantly from those for which it occurs in Au. In both
the cases of Al or Ti and Au, the suppression can be eective only for values ofM1 lying
in very narrow intervals (see Figs. 3.3 and 3.4).
In the case of IH light neutrino mass spectrum, all the three LFV observables, BR(!
e), BR(! 3e) and CR(N ! eN ), can be strongly suppressed due to the fact that
the LFV factor j(RV )1j2 / jU2 + i
p
m1=m2U1j2 = jU2 + iU1j2, in the expressions
of the three rates can be exceedingly small. This requires a special relation between the
Dirac and the Majorana CPV phases  and 21, as well as between the neutrino mixing
angle 13 and the phase  (see eq. (3.11)). For the values of sin 13 from the current 3
allowed interval, eq. (3.1), one can have jU2+ iU1j2 = 0 provided 0   < 0:7. A priori
it is not clear why the relations between  and 21, and between  and 13, leading to
jU2 + iU1j2 = 0, should take place (although, in general, it might be a consequence of
the existence of an approximate symmetry). The suppression under discussion cannot
hold if, for instance, it is experimentally established that  is denitely bigger than 1.0.
That would be the case if the existing indications [17] that cos  < 0 receive unambiguous
conrmation.
We note nally that for M1 > 100 GeV we have: BR( ! 3e)=BR( ! e) > 0:031.
Thus, if it is experimentally established that BR( ! 3e)=BR( ! e) is denetely
smaller than the quoted lower bound, the model considered with M1 > 100 GeV will
be ruled out. Such a result would be consistent also just with a see-saw scale M1 < 100
GeV.
Type II see-saw results. It follows from the results obtained in Section 3.2 that the
predictions for the  ! e and  ! 3e decay branching ratios, as well as the    e
46 Chap. 3: LFV  Processes in TeV Scale See-saw Type models
conversion rate in a nucleus N , in the TeV scale type II see-saw scenario considered
exhibit, in general, dierent dependence on the masses of the singly- and doubly-charged
Higgs particles + and ++, which mediate (to leading order) the three processes. For
m+ = m++ =M, all the three rates are proportional to M 4 , i.e., they diminish as
the 4th power of the see-saw scale when the latter increases.
The matrix of Yukawa couplings h``0 which are responsible for the LFV processes of
interest, is directly related to the neutrino Majorana mass matrix and thus to the PMNS
neutrino mixing matrix U . As a consequence, BR(! e), BR(! 3e) and CR(N !
eN ) depend, in general, on the neutrino mass and mixing parameters, including the CPV
phases in U .
To be more specic, BR(! e) does not depend on the Majorana CPV phases and on
min(mj), and its dependence on the Dirac CPV phase and on the type of neutrino mass
spectrum is insignicant. In contrast, both BR( ! 3e) and CR(N ! eN ) exhibit
very strong dependence on the type of neutrino mass spectrum and on the values of the
Majorana and Dirac CPV phases. As a consequence, the predictions for BR( ! 3e)
and CR(N ! eN ) for given M can vary by several orders of magnitude not only
when the spectrum changes from NH (IH) to QD as a function of the lightest neutrino
mass, but also when one varies only the values of the CPV phases keeping the type of
the neutrino mass spectrum xed. All the three observables under discussion can have
values within the sensitivity of the currently running MEG experiment on the  ! e
decay and the planned future experiments on the  ! 3e decay and    e conversion.
However, for a given see-saw scale in the range of  (100   1000) GeV, the planned
experiments on   e conversion in Al or Ti will provide the most sensitive probe of the
LFV Yukawa couplings of the TeV scale type II see-saw model.
Type III see-saw results. Unlike the type I see-saw extension of the SM discussed
in Section 3.1, in this scenario we have several   possibly sizable   lepton avour vi-
olating interactions in the low energy eective Lagrangian, due to the higher SU(2)L
representation of the new fermion elds. In particular, FCNCs arise at tree-level from
the non-unitarity of the PMNS matrix (see eq. (2.71)). Thus, the eective    e   Z
coupling in (2.71) makes it possible an enhancement of at least two orders of magni-
tude of the rates of  ! e,  ! 3e and    e conversion with respect to the ones
predicted in the type I see-saw scenario, with RH neutrinos taken in the TeV range.
Consequently, all the predicted LFV observables may be probed in the related present
and future experiments. As in the previous scenarios, the strongest constraint on the
avour structure of this class of models is by far provided by the expected very high
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sensitivity reach of   e conversion experiments.
In conclusion, the oncoming combination of data on neutrino oscillations, collider searches
and lepton number/avour violating processes represent an important opportunity to
reveal in the next future the fundamental mechanism at the basis of the generation of
neutrino masses as well as the underlying physics beyond the standard theory.

Chapter 4
LFV  Processes in TeV Scale
See-saw Type models
4.1 TeV Scale Type I See-Saw Model
4.1.1 The  !  and  ! e Decays
That have been introduced in the Subsection 2.1.2, for convenience, we write down here
the ratio  (l ! l)= (l ! l) after adapting the result for the see-saw type I
scheme with two heavy neutrinos possessing approximately equal masses:
 (l ! l)
 (l ! l) =
3em
32
jT j2 ; (4.1)
where
T  2j(RV )1(RV )1j jG(x) G(0)j ; (4.2)
and G(x) was dened in eq. (2.43). The l ! l decay branching ratio is given by:
BR(l ! l) =  (l ! l)
 (l ! l)Br(l ! l); (4.3)
with BR( !  e e)  1, BR( !   ) = 0:1739, and BR( !  e e) = 0:1782
[1].
The predictions of the model under discussion for BR( ! e) and the constraints on
the product of couplings j(RV )e1(RV )1j, as well as on the Yukawa coupling y, following
from the experimental upper limit on BR(! e), were discussed in detail in [62, 107].
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Here we concentrate on the phenomenology of the  !  and  ! e decays. Using
the current upper limits on BR( ! ) and Br( ! e) quoted in eqs. (1.9) and
(1.10), we obtain the following upper bounds:
 !  : j(RV )1(RV )1j  2:7 10 2 (0:9 10 2) M1 = 100 (1000)GeV ; (4.4)
 ! e : j(RV )e1(RV )1j  2:3 10 2 (0:8 10 2) M1 = 100 (1000)GeV: (4.5)
These constraints are weaker than those implied by the limits quoted in eqs. (2.18) -
(2.20). The planned experiments at the SuperB factory, which are expected to probe
values of BR( ! (; e))  10 9, will be sensitive to
 ! (; e) : j(RV )(;e)1(RV )1j  4:0 10 3 (1:4 10 3)
for M1 = 100 (1000)GeV : (4.6)
The minimal values quoted above are of the same order as the upper limits following
from the constraints (2.18) - (2.20).
The  decay branching ratios of interest depend on the neutrino mixing parameters
via the quantity j(RV )l1(RV )1j, l = e; . In the case of NH neutrino mass spectrum,
j(RV )l1j / jUl3 + i
p
m2=m3 Ul2j is dierent from zero for any values of the neutrino
mixing parameters from their 3 experimentally determined allowed ranges and for any
l = e; ;  . This implies that there cannot be further suppression of the  ! (; e)
decay rates due to a cancellation between the terms in the expressions for j(RV )l1j.
In contrast, depending on the values of the Dirac and Majorana CPV phases  and 21
of the PMNS matrix, we can have strong suppression of the couplings j(RV )l1j, l = e; ,
which enter into the expressions for BR( ! (; e)) if the neutrino mass spectrum is of
the IH type [62, 107]. Indeed, in this case we have j(RV )l1j / jUl3+i Ul2j, l = e; ;  . For
21 =  , jUe3 + i Ue2j can be rather small: jUe2 + iUe1j2 = c213(1  sin 212) = 0:0765,
where we have used the best t values of sin2 12 = 0:307 and sin
2 13 = 0:0236. As was
shown in Section 3.1, we can have jU2 + iU1j2 = 0 for specic values of  lying the
interval 0   . 0:7. In this case the value of the phases 21 is determined by the values
of  and 12.
We analyse next the possibility of having strongly suppressed coupling j(RV )1j2, i.e.,
to have j(RV )1j2 / jU2 + iU1j2 = 0, in the case of IH spectrum. The suppression in
question can take place if
sin 13 =
s12   c12 sin 212
c12 cos  + s12 sin( +
21
2 )
tan 23 ; (4.7)
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and if in addition the values of the phases  and 21 are related via the equation:
c12 s23 cos
21
2
  c23 s13
h
c12 sin    s12 cos( + 21
2
i
= 0 : (4.8)
One simple solution to eq. (4.8) obviously is  = 21 = . For these values of  and 21,
eq. (4.7) becomes:
sin 13 =
c12   s12
c12 + s12
tan 23 : (4.9)
Using the the best t values of sin2 12 and sin
2 23 quoted in eq. (1.5), we get from eq.
(4.9): sin 13 = 0:162, which is very close to the best t value of 0.155 (0.156) quoted
in eq. (1.5). For jU2 + iU1j2 = 0, all LFV decays of the  charged lepton, including
  !  +++ ,   !  + e++ e , etc., in the TeV scale type I seesaw model we
are considering will be strongly suppressed.
4.1.2 The  ! 3 Decay
We consider next the  ! 3 decay in the same scenario of the previous subsection, the
branching ratio is directly taken from eq. (2.44):
BR( ! 3) = 
2
em
162 sin4 W
j(RV )1(RV )1j2 jC3(x)j2  BR( !  ); (4.10)
jC3(x)j2 = 2
12F 3B + F 3z   2 sin2 W (F 3z   F)
2 + 4 sin4 W F 3z   F2
+16 sin2 W

(F 3z +
1
2
F 3B )G

  48 sin4 W

(F 3z   F 3 )G

+32 sin4 W jG j2

log
m2
m2
  11
4

: (4.11)
Here
F 3z (x) = Fz(x) + 2Gz(0; x); F
3
B (x) =  2(FXBox(0; x)  FXBox(0; 0)): (4.12)
The factor jC3(x)j2 in the expression for BR( ! 3) is a monotonically increasing
function of the heavy Majorana neutrino mass M1. The dependence of jC3(x)j2 on
M1 is shown in Fig. 1. At M1 = 100 (1000) GeV, the function jC3(x)j2 has values
1.53 (36.85).
The present experimental limit on BR( ! 3), eq. (1.11), leads to a weaker constraint
than that following from the upper limits quoted in eqs. (2.19) and (2.20):
j(RV )1(RV )1j < 1:1 10 1 (2:3 10 2) for M1 = 100 (1000) GeV: (4.13)
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The next generation of experiments will be sensitive to BR( ! 3)  10 10, and thus
to:
j(RV )1(RV )1j  7:7 10 3 (1:6 10 3) for M1 = 100 (1000) GeV : (4.14)
As we see, in the case ofM1 = 1000 GeV, the minimal value of j(RV )1(RV )1j to which
the future planned experiments will be sensitive is of the order of the upper bound on
j(RV )1(RV )1j following from the limits (2.19) and (2.20).
Consider next the dependence of the decay rate on the CPV phases and the neutrino
oscillation parameters. In the case of NH mass spectrum we have:
BR( ! 3) / j(RV )1(RV )1j2 / jU3 + i
r
m2
m3
U2j2 jU3 + i
r
m2
m3
U2j2 : (4.15)
Using the best t values of the neutrino mixing angles and mass squared dierences,
quoted in eqs. (1.4) and (1.5) and varying the Dirac and Majorana CPV phases in the
interval of [0; 2], we nd that jU3 + i
p
m2=m3U2jjU3 + i
p
m2=m3U2j takes values
in the interval (0:31   0:59). It follows from this result and the inequality (4.14) that
the future experiments on the  ! 3 decay will be sensitive to values of the Yukawa
coupling y  0:10 (0:46) for M1 = 100 (1000) GeV. The minimal values in these lower
limits are larger than the upper limits on y following from the current upper bound (1.6)
on BR(! e+ ) [107].
A suppression of the  ! 3 decay rate might occur in the case of IH mass due to
possible cancellations between the terms in the factors j(RV )1j and j(RV )1j, as was
discussed in the previous subsection. Using again the best t values of the neutrino
oscillation parameters and varying the leptonic CPV phases in the interval [0; 2], we
nd 0:003  jU2 + iU1jjU2 + iU1j  0:51. Thus, in the case of IH spectrum, the
future experiments with sensitivity to BR( ! 3)  10 10 will probe values of y 
0:14 (0:64) for M1 = 100 (1000) GeV. Again the minimal values in these lower limits
are larger than the upper limits on y following from the current upper bound (1.6) on
BR(! e+ ) [107].
For specic values of, e.g., the CPV phases of the neutrino mixing matrix one can obtain
more stringent upper bounds than those already discussed on the branching ratios of the
 ! + ,  ! e+  and  ! 3 decays due to their relation to the ! e+  decay
branching ratio and the fact that the latter is severely constrained. Indeed, it follows
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from eqs. (4.3), (2.43) and (4.10) that we have:
BR( ! e+ )
BR(! e+ ) =
j(RV )1j2
j(RV )1j2 BR( ! ee ) ; (4.16)
BR( ! + )
BR(! e+ ) =
j(RV )1j2
j(RV )e1j2 BR( !  ) ; (4.17)
BR( ! 3)
BR(! 3e) =
j(RV )1j2
j(RV )e1j2 BR( !  ) =
BR( ! + )
BR(! e+ ) ; (4.18)
BR( ! 3)
BR(! e+ ) =
em
6 sin4 W
jC3(x)j2
jG(x) G(0)j2
j(RV )1j2
j(RV )e1j2 BR( !  ) : (4.19)
The explicit expressions for j(RV )l1j2, eqs. (2.28) and (2.29), imply that the ratios of
interest in eqs. (4.16) - (4.18) do not depend on the heavy Majorana neutrino mass
M1 and on the Yukawa coupling y and are determined by the values of the neutrino
oscillation parameters and of the CPV phases in the neutrino mixing matrix. Using the
best t values quoted in eqs. (1.4) and (1.5) and varying the Dirac and Majorana phases
in the interval [0; 2] we obtain in the case of NH neutrino mass spectrum:
0:37  j(RV )1j
2
j(RV )1j2  9:06 ; (4.20)
1:90  j(RV )1j
2
j(RV )e1j2  191:82 ; (4.21)
In a similar way, we get in the case of IH neutrino mass spectrum:
4:84 10 4  j(RV )1j
2
j(RV )1j2  15:13 ; (4.22)
3:25 10 4  j(RV )1j
2
j(RV )e1j2  0:56 : (4.23)
Thus, in the case of the best t values of the neutrino oscillation parameters we always
have
BR( ! e+ ) . 2:67 BR(! e+ ) < 1:52 10 12 ; (4.24)
BR( ! + ) . 33:36 BR(! e+ ) < 1:90 10 11 ; (4.25)
where we have used the current upper bound on BR(! e+), eq. (1.6). The limits in
eqs. (4.24) and (4.25) correspond respectively to the IH and NH spectra. These values
are beyond the expected sensitivity reach of the planned future experiments.
Using the 2 (3) allowed ranges of the neutrino oscillations parameters in the case of
NH neutrino mass spectrum we obtain larger intervals of allowed values of the ratios of
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interest:
NH : 0:26 (0:08)  j(RV )1j
2
j(RV )1j2  14:06 (16:73) ; (4.26)
NH : 1:39 (0:53)  j(RV )1j
2
j(RV )e1j2  497:74 (980:32) : (4.27)
The maximal value of j(RV )1j2=j(RV )e1j2 correspond to sin2 12 = 0:275 (0:259),
sin2 23 = 0:359 (0:348), sin
2 13 = 0:0298 (0:0312),  = 0:203 (0:234), 21 = 6:199 (3:560)
and 31 = 3:420 (0:919). At these values of the neutrino mixing parameters we have
j(RV )1j2j(RV )e1j2 = 6:98  10 4 (3:41  10 4) y4v4=(16M41 ), j(RV )1j2j(RV )1j2 =
0:347 (0:335) y4v4=(16M41 ). Thus, the bound on BR( ! e + ), eq. (1.6), is satised
for M1 = 100 GeV if y
4v4=(16M41 ) . 2:29 (4:69)  10 6, and for M1 = 1000 GeV
provided y4v4=(16M41 ) . 2:68 (5:48)  10 7. This implies that j(RV )1j2j(RV )1j2 .
7:95 (15:7)  10 7 if M1 = 100 GeV, and j(RV )1j2j(RV )1j2 . 9:30 (18:4)  10 8 for
M1 = 1000 GeV. The bound for M1 = 1000 GeV is a stronger constraint than that
following from the limits (2.19) and (2.20).
Using the inequalities in eqs. (4.26) and (4.27) we obtain:
BR( ! e+ ) . 2:50 (2:98) BR(! e+ ) < 1:43 (1:70) 10 12 ; (4.28)
BR( ! + ) . 86:56 (170:48) BR(! e+ ) < 4:93 (9:72) 10 11 : (4.29)
These are the maximal values of BR( ! e + ) and BR( !  + ), allowed by the
current upper bound on the ! e+  decay rate in the TeV scale type I seesaw model
considered and in the case of NH neutrino mass spectrum. If the  ! e +  and/or
 !  +  decays are observed to proceed with branching ratios which are larger than
the bounds quoted above and it is established that the neutrino mass spectrum is of the
NH type, the model under discussion will be strongly disfavored, if not ruled out.
Performing a similar analysis in the case of IH spectrum by employing the 2 (3)
allowed ranges of the neutrino oscillations parameters we get:
IH : 0:0 (0:0)  j(RV )1j
2
j(RV )1j2 <1 (1) ; (4.30)
IH : 0:0 (0:0)  j(RV )1j
2
j(RV )e1j2  0:64 (0:83) : (4.31)
The innity in eq. (4.30) corresponds to j(RV )1j = 0, j(RV )1j 6= 0, i.e., to very strongly
suppressed BR( ! e + ) and BR( !  + ). One obtains j(RV )1j = 0 for the
following values of the neutrino mixing angles from the 2 allowed intervals, and of the
CPV phases: sin2 12 = 0:340, sin
2 23 = 0:547, sin
2 13 = 0:0239,  = 6:185, 21 = 3:077
and 31 = 4:184 (i.e.,  = 2, 21 =  and 31 = 1:3). For j(RV )1j = 0, the branching
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Figure 4.1: The dependence of C0(x) as a function of the see-saw mass scale M1.
ratios BR( ! e+ ) and BR(! e+ ) are \decoupled". Correspondingly, the upper
bound on BR( ! e+ ) is determined in this case by the limits quoted in eqs. (2.18)
and (2.20) and has already been discussed by us.
Using the same strategy and eq. (4.18), we obtain the constraint on BR( ! 3)
following from the upper bound on BR( ! 3e) at the best t values, 2 (3) allowed
ranges of the neutrino oscillation parameters:
BR( ! 3) . 33:36 BR(! 3e) < 3:34 10 11 ; (4.32)
BR( ! 3) . 86:56 (170:48) BR(! 3e) < 8:66 (17:0) 10 11 : (4.33)
The relation between BR( ! 3) and BR( ! e) is somewhat less straightforward,
since it involves the M1 dependent factor C0(x):
C0(x) =
em
6 sin4 W
jC3(x)j2
jG(x) G(0)j2 : (4.34)
For 50 GeV  M1  1000 GeV, C0(x) has its maximum of 0.0764 at M1 = 1000 GeV.
This leads to
BR( ! 3) . 2:55 BR(! e+ ) < 1:45 10 12 ; (4.35)
BR( ! 3) . 6:61 (13:02) BR(! e+ ) < 3:77 (7:42) 10 12 : (4.36)
Thus, for M1 having a value in the interval [50, 1000] GeV, the branching ratio BR( !
3) is predicted to be beyond the sensitivity reach of  10 10 of the planned next
generation experiment. The observation of the  ! 3 decay with a branching ratio
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BR( ! 3) which is denitely larger than the upper bounds quoted in eq. (4.36) would
strongly disfavor (if not rule out) the TeV scale type I seesaw model under discussion
with M1  (50  1000) GeV.
It should be added that for M1  103 GeV, the factor C0(x) is a monotonically (slowly)
increasing function of M1 (see Fig. 4.1). The upper bound on BR( ! 3) following
from the upper bound on BR( ! e+ ) and the 3 ranges of the neutrino oscillation
parameters, can be bigger than 10 10 if C0(x)  1:8, which requires M1  8:5  106
GeV. However, the rates of the processes of interest scale as / (v=M1)4 and at values of
M1  8:5 106 GeV are too small to be observed in the currently planned experiments.
4.2 TeV Scale Type II See-Saw Model
4.2.1 The  !  and  ! e Decays
In this part, we consider the  ! (; e) +  decays in the type II see-saw scheme with
equal masses m+  m++ . For m+  m++ =M, the expression in eq. (2.61) can
be cast in the form:
BR(`! `0 + ) = 27em
64
 mym
``0
2
16v4G
2
F M
4

BR(`! ` `0 `0) ; (4.37)
where ` =  and `0 = e, or ` =  and `0 = ; e.
The factor j(mym)``0 j, as it is not dicult to show, is given by:
j

mym

``0
j = jU`2U`02m221 + U`3U`03m231j ; (4.38)
where we have used eqs. (2.54) and (2.55) and the unitarity of the PMNS matrix.
The expression in eq. (4.38) is exact. Obviously, j(mym)``0 j does not depend on the
Majorana phases present in the PMNS matrix U .
The branching ratios, BR(` ! `0 + ), are inversely proportional to (vM)4. From
the the current upper bound on BR( ! e + ), eq. (1.6), and the expression for
j(mym)ej in terms of the neutrino oscillation parameters, one can obtain a lower limit
on vM [107]:
v > 2:98 102
s13 s23m231 12 100GeVM

: (4.39)
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Using the the best t values (3 allowed ranges) of sin 13, sin 23 and m
2
31, obtained
in the global analysis [21] we nd:
vM > 4:60 (3:77) 10 7 GeV2 :1 (4.40)
As in the case of type I seesaw model, we can obtain an upper bounds on the branching
ratios BR( ! + ) and BR( ! e+ ) of interest using their relation with BR(!
e+ ) and the current experimental upper bound on BR(! e+ ). We have:
BR( ! (e) + )
BR(! e+ ) =
(m+m)(e)2
j(m+m)ej2
BR( !  (e) (e)) : (4.41)
Using again the expressions for j(mym)``0 j in terms of neutrino oscillation parameters
and the best t values quoted in eqs. (1.4) and (1.5) we get in the case of NO (IO)
neutrino mass spectrum:
4:41 (4:47)  j(m
+m)j
j(m+m)ej  5:57 (5:64) ; NO (IO) b:f: (4.42)
1:05 (1:03)  j(m
+m)ej
j(m+m)ej  1:53 (1:51) NO (IO) b:f: (4.43)
Employing the 3 allowed ranges of the neutrino oscillation parameters derived in [21]
we obtain:
0:87 (0:57)  j(m
+m)ej
j(m+m)ej  1:79 (1:78) NO (IO) 2 ; (4.44)
3:07 (3:04)  j(m
+m)j
j(m+m)ej  7:72 (7:85) NO (IO) 3 ; (4.45)
0:55 (0:52)  j(m
+m)ej
j(m+m)ej  1:95 (1:95) NO (IO) 3 : (4.46)
From eqs. (1.6), (4.41), (4.45) and (4.46) it follows that
BR( ! + ) < 5:9 (6:1) 10 12 ; BR( ! e+ ) < 3:9 10 13 ; NO (IO) : (4.47)
These values are signicantly below the planned sensitivities of the future experiments
on the  ! +  and  ! e+  decays. The observation of the any of the two decays
having a branching ratio denitely larger than that quoted in eq. (4.47) would rule out
the TeV scale Higgs triplet model under discussion.
1It is little dierent from eq. (3.26) with the latest neutrino experimental data.
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Figure 4.2: The dependence of jmmj on the lightest neutrino mass m0 in the
cases of NO (left panel) and IO (right panel) neutrino mass spectra, for three sets of
values of the Dirac and Majorana CPV phases, [; 21; 31]. The neutrino oscillation
parameters sin 12, sin 23, sin 13, m
2
21 and m
2
31 have been set to their best t
values, eqs. (1.4) and (1.5). The scattered points are obtained by varying Dirac and
Majorana CPV phases randomly in the interval [0; 2].
4.2.2 The  ! 3 Decay
The  ! 3 decay occurring in the TeV scale HTM at tree level diagram with exchange
of the virtual doubly-charged Higgs scalar ++. The corresponding  ! 3 decay
branching ratio is taken from eq. (2.62):
BR( ! 3) =
hh2
G2F M
4

BR( !  ) = 1
G2F M
4

mm2
16v4
BR( !  ) ;
(4.48)
whereM  m++ is the ++ mass and we have neglected corrections m=m = 0:06.
Using the current upper bound on BR( ! 3), eq. (1.11), and eq. (4.48), we get the
following constraint: hh < 4:1 10 5 M100 GeV
2
: (4.49)
Further, the lower limit on the product of v and M, eq. (4.40), implies the following
upper limit on BR( ! 3):
BR( ! 3) < 1:88 (4:17) 10 3
mm2
(1 eV)4
: (4.50)
The factor jmmj, as can be shown using eqs. (2.54) and (2.55), depends not only on
the neutrino oscillation parameters, but also on the type of the neutrino mass spectrum,
the lightest neutrino mass m0  min(mj), j = 1; 2; 3 (i.e., on the absolute neutrino mass
scale), and on the Majorana CPV phases 21 and 31, present in the PMNS matrix. The
dependence of jmmj on m0 for three sets of values of the CPV Dirac and Majorana
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phases , 21 and 31 in the cases of NO and IO neutrino mass spectra is illustrated in
Fig. 4.2. The neutrino oscillation parameters were set to their best t values quoted
in eqs. (1.4) and (1.5). As Fig. 4.2 indicates, both for the NO and IO spectra, the
maximal allowed value of jmmj is a monotonically increasing function of m0.
The intervals of possible values of jmmj in the cases of NO and IO neutrino mass
spectra determine the ranges of allowed values of BR( ! 3) in the TeV scale HTM.
Varying the three CPV phases independently in the interval [0; 2] and using the best
t, the 2 and the 3 allowed ranges of values of sin 12, sin 23, sin 13, m
2
21 and m
2
31
derived in [21], we get for m0 = 0; 0:01 ; 0; 10 eV:
 m0 = 0 eV, NO (IO)
38:0 (5:35) 10 5 eV2  j(m)(m)j  4:82 (7:38) 10 4 eV2 b:f; (4.51)
2:77 (0:00) 10 4 eV2  j(m)(m)j  5:89 (8:11) 10 4 eV2 2; (4.52)
2:33 (0:00) 10 4 eV2  j(m)(m)j  8:35 (8:45) 10 4 eV2 3: (4.53)
 m0 = 0:01 eV, NO (IO)
33:6 (1:66) 10 5 eV2  j(m)(m)j  5:34 (8:06) 10 4 eV2 b:f; (4.54)
2:24 (0:00) 10 4 eV2  j(m)(m)j  6:41 (8:99) 10 4 eV2 2; (4.55)
1:76 (0:00) 10 4 eV2  j(m)(m)j  8:96 (9:41) 10 4 eV2 3: (4.56)
 m0 = 0:1 eV, NO (IO)
0:00 (0:00) eV2  j(m)(m)j  5:48 (5:76) 10 3 eV2 b:f; (4.57)
0:00 (0:00) eV2  j(m)(m)j  5:57 (5:85) 10 3 eV2 2; (4.58)
0:00 (0:00) eV2  j(m)(m)j  5:85 (5:88) 10 3 eV2 3: (4.59)
We would like to determine next whether BR( ! 3) predicted by the TeV scale HTM
considered can be bigger than the sensitivity limit of  10 10 of the future planned
experiment on  ! 3 decay, given the stringent upper bounds on the  ! e +  and
 ! 3e decay branching ratios, eqs. (1.6) and (1.7). As we have seen, the current
upper bound on BR(! e + ) leads to the lower limit eq. (4.40) of vM. We have
to take into account also the important constraint on BR( ! 3) following from the
current upper bound on  ! 3e decay branching ratio BR(! 3e), eq. (1.7). In the
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case of BR(! 3e) we have BR(! 3e) / jmemeej2. The quantity jmemeej, and
thus BR(! 3e), depends on the same set of neutrino mass and mixing parameters as
j(m)(m)j, and thus BR( ! 3). We have performed a numerical analysis in order
to determine the regions of values of the neutrino oscillation parameters and of the three
CPV phases , 21 and 31, in which the experimental upper bounds on BR(! e + )
and BR(! 3e), eqs. (1.6) and (1.7), and the following requirement,
10 10  BR( ! 3)  10 8 ; (4.60)
are simultaneously satised. The analysis is performed for three values of m0 = 0; 0.01
eV; 0.10 eV. The neutrino oscillation parameters sin 12, sin 23, sin 13, m
2
21 and m
2
31
were varied in their respective 3 allowed ranges taken from [21]. The CPV phases , 21
and 31 were varied independently in the interval [0; 2]. The results of this analysis
are presented graphically in Fig. 4.3, in which we show the regions of values of the
quantities jmmj and vM where the three conditions (1.6), (1.7) and (4.60) are
simultaneously fullled in the cases of m0 = 0; 0.01 eV; 0.10 eV for the NO and IO
spectra. For m0 = 0 and NO spectrum, the results depend weakly on the CPV phases;
they are independent of the phase 31 if m0 = 0 and the spectrum is of the IO type.
The analysis performed by us shows that the maximal values BR( ! 3) can have are
the following:
BR( ! 3)  1:02 (1:68) 10 9 ; m0 = 0 eV; NO (IO) ; (4.61)
BR( ! 3)  1:24 (2:05) 10 9 ; m0 = 0:01 eV; NO (IO) ; (4.62)
BR( ! 3)  8:64 (9:11) 10 9 ; m0 = 0:10 eV; NO (IO) : (4.63)
Thus, for all the three values of m0 considered, which span essentially the whole in-
terval of possible values of m0, the maximal allowed values of BR( ! 3) is by a
factor of  10 to  90 bigger than the projected sensitivity limit of 10 10 of the fu-
ture experiment on the  ! 3 decay. The regions on the jmmj   vM plane,
where the three conditions of interest are satised, are sizeable. The maximal value of
BR( ! 3) for, e.g., m0 = 0:01 eV and NO (IO) spectrum, quoted in eq. (4.62), is
reached for sin2 12 = 0:269 (0:308), sin
2 23 = 0:527 (0:438), sin
2 13 = 0:0268 (0:0203),
m221 = 7:38 (7:56)  10 5 eV2, m231 = 2:14 (2:40)  10 3 eV2 and [; 21; 31] =
[2:300; 5:098; 3:437] ([1.577,0.161,3.436]).
As it follows from Fig. 4.2 and the results quoted in eqs. (4.51) - (4.59), for certain values
of the absolute neutrino mass scale m0 and the CPV phases, jmmj can be strongly
suppressed; we can have even jmmj = 0. For NO (IO) neutrino mass spectrum,
such a strong suppression can happen for m0 > 38 meV (m0 > 15 meV). The strong
suppression of jmmj seen in Fig. 4.2 takes place in the case of NO (IO) spectrum at
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Figure 4.3: The regions in the v2M
2
   j(m)(m)j plane where 10 10  BR( !
3)  10 8 (the areas deliminated by the black lines) and the the upper limits BR( !
3e) < 10 12 and BR( ! e) < 5:710 13 are satised (the colored areas), for m0 = 0
(upper panels), 0.01 eV (middle panels), 0.10 eV (lower panels) and NO (left panels)
and IO (right panels) neutrino mass spectra. The gures are obtained by varying the
neutrino oscillation parameters in their 3 allowed ranges [21]; the CPV Dirac and
Majorana phases were varied in the interval [0; 2].
m0 = 38 meV and [; 21; 31] = [0:420; 6:079; 3:030] (m0 = 15 meV and [; 21; 31] =
[0:410; 3:235; 6:055]). For m0 = 0:10 eV, for instance, we have jmmj = 0 in the
case of NO mass spectrum at  = 2:633, 21 = 2:533 and 31 = 5:349, while for the IO
spectrum jmmj goes through zero for  = 4:078, 21 = 2:161 and 31 = 5:212. The
above examples of the vanishing of jmmj when m0 = 0:10 eV are not unique, it can
happen also at other specic sets of values of the Dirac and Majorana CPV phases.
If in the planned experiment on the  ! 3 decay the limit BR( ! 3) < 10 10 will be
obtained, this will imply the following upper limit on the product jhhj of Yukawa
couplings: hh < 2:83 10 6 M100 GeV
2
: (4.64)
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4.3 Chapter Conclusion
In the present chapter we have investigated in detail the  ! (e; )+ and  ! 3 decays
in the TeV scale type I see-saw and Higgs Triplet models of neutrino mass generation.
Future experiments at the SuperB factory are planned to have sensitivity to the branch-
ing rations of the these decays BR( ! (e; ) + ) > 10 9 and BR( ! 3) > 10 10,
which is an improvement by one and two orders of magnitude with respect to that
reached so far in the searches for the  ! (e; ) +  and  ! 3 decays, respectively.
We nd using the constraints on the couplings (RV )lj , j = 1; 2, from the low en-
ergy electroweak precision data, eqs. (2.18) - (2.20), that the branching ratios of
the decays  ! (e; ) +  and  ! 3 predicted in the TeV scale type I see-saw
model can at most be of the order of the sensitivity of the planned future experi-
ments, BR( ! (e; ) + ) < 10 9 and BR( ! 3) < 10 10. Taking into account
the stringent experimental upper bounds on the  ! e +  and  ! 3e decay rates
has the eect of constraining further the maximal values of BR( ! (e; ) + ) and
BR( ! 3) compatible with the data. In the case of NH spectrum, for instance, we
get using the 2 (3) ranges of the neutrino oscillations parameters from [21] and vary-
ing the CPV Dirac and Majorana phases , 21 and 31 independently in the interval
[0; 2]: BR( ! e + ) < 1:4 (1:7)  10 12, BR( ! + ) < 4:9 (9:7)  10 11, and
BR( ! 3) < 3:8 (7:4)  10 12. For specic values of the neutrino mixing parame-
ters in the case of the IH spectrum, the predicted rates of the  ! e +  and  ! 3e
decays are strongly suppressed and the experimental upper bounds on these rates are
automatically satised. In this special case the  !  +  and the  ! 3 decay
rates are also predicted to be strongly suppressed and signicantly smaller than the
planned sensitivity of the future experiments, while for the  ! e +  decay we have
BR( ! e + ) < 10 9. Clearly, if any of the three  decays under discussion is observed
in the planned experiments, the TeV scale type I see-saw model we have considered will
be strongly disfavored if not ruled out.
The predicted rates of the  ! e +  and of the  ! (e; ) +  decays in the Higgs
Triplet model are also correlated. Using the existing experimental upper bound on
BR(! e + ) we nd the following upper limits on the  ! + and  ! e+ decay
branching ratios for the NO (IO) neutrino mass spectrum: BR( ! + ) < 5:9 (6:1)
10 12, BR( ! e + ) < 3:9  10 12. These values are signicantly below the planned
sensitivity of the future experiments on the  !  +  and  ! e +  decays. The
observation of the any of the two decays having a branching ratio denitely larger than
that quoted above would rule out the TeV scale Higgs triplet model under discussion.
In contrast, we nd that in a sizeable region of the parameter space of the Higgs Triplet
model, the  ! 3 decay branching ratio BR( ! 3) can have a value in the interval
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(10 10   10 8) and the predicted values of BR(! e + ) and BR(! 3e) satisfy the
existing stringent experimental upper bounds. Thus, the observation of the  ! 3
decay with BR( ! 3) > 10 10 and the non-observation of the  ! + and  ! e+
decays in the planned experiments having a sensitivity to BR( ! (e; ) + )  10 9,
would constitute an evidence in favor of the Higgs Triplet model.
Finally, the planned searches for the  !  + ,  ! e +  and  ! 3 decays
with sensitivity to BR( ! (e; ) + ) > 10 9 and to BR( ! 3) > 10 10 will provide
additional important test of the TeV scale see-saw type I and Higgs Triplet models of
neutrino mass generation.

Chapter 5
Neutrino Mass Spectroscopy
Using Atoms
In the following, we are going to consider a process which is cooperative de-excitation of
atoms in a metastable state. For the single atom the process is jei ! jgi+ +(i+ j),
i; j = 1; 2; 3, where i's are neutrino mass eigenstates. If i are Dirac fermions, (i+ j)
should be understood for i = j as (i + i), and as either (i + j) or (j + i) when
i 6= j, i being the antineutrino with mass mi. If i are Majorana particles, we have
i  i and (i + j) are the Majorana neutrinos with masses mi and mj .
The proposed experimental method is to measure, under irradiation of two counter-
propagating trigger lasers, the continuous photon () energy spectrum below each of the
six thresholds !ij corresponding to the production of the six dierent pairs of neutrinos,
11, 12,..., 33: ! < !ij , ! being the photon energy, and [64{66]
!ij = !ji =
eg
2
  (mi +mj)
2
2eg
; i; j = 1; 2; 3; m1;2;3  0 ; (5.1)
where eg is the energy dierence between the two relevant atomic levels.
The disadvantage of atomic targets is their smallness of rates which are very sensitive
to available energy of order eV. This can be overcome by developing, with the aid of a
trigger laser, macro-coherence of atomic polarization to which the relevant amplitude is
proportional, as discussed in [129, 130]. A similar amplication observed experimentally
in the case of a single photon emission, which is called \Super-radiance" predicted by
Dicke in 1954. The macroscopic polarization supported by trigger eld gives rise to
enhanced rate / n2V , where n is the number density of excited atoms and V is the
volume irradiated by the trigger laser. The proposed atomic process may be called
radiative emission of neutrino pair, or RENP in short. The estimated rate roughly of
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order mHz or a little less makes it feasible to plan realistic RENP experiments for a
target number of order of the Avogadro number, within a small region of order 1  102
cm3, if the rate enhancement works as expected.
The macro-coherence of interest is developed by irradiation of two trigger lasers of
frequencies !1, !1, satisfying !1+!2 = eg. It is a complicated dynamical process. The
asymptotic state of elds and target atoms in the latest stage of trigger irradiation is
described by a static solution of the master evolution equation. In many cases there is
a remnant state consisting of eld condensates (of the solition type) accompanied with
a large coherent medium polarisation. This asymptotic target state is stable against
two photon emission, while RENP occurs from any point in the target. The Group at
Okayama University is working on the experimental realisation of the macro-coherent
RENP. We hope the eorts of the University of Okayama Group will be successful.
All of the observables - the absolute neutrino mass scale, the type of neutrino mass
spectrum, the nature of massive neutrinos and the Majorana CPV phases in the case
of Majorana neutrinos - can be determined in one experiment, each observable with a
dierent degree of diculty, once the RENP process is experimentally established. For
atomic energy available in the RENP process of the order of a fraction of eV, the observ-
ables of interest can be ranked in the order of increasing diculty of their determination
as follows:
(1) The absolute neutrino mass scale, which can be xed by, e.g., measuring the small-
est photon energy threshold min(!ij) near which the RENP rate is maximal: min(!ij)
corresponds to the production of a pair of the heaviest neutrinos (max(mj) > 50 meV).
(2) The neutrino mass hierarchy, i.e., distinguishing between the normal hierarchical
(NH), inverted hierarchical (IH) and quasi-degenerate (QD) spectra, or a spectrum with
partial hierarchy (see, e.g., [1]).
(3) The nature (Dirac or Majorana) of massive neutrinos.
(4) The measurement on the Majorana CPV phases if the massive neutrinos are Majo-
rana particles.
The last item is particularly challenging. The importance of getting information about
the Majorana CPV violation phases in the proposed RENP experiment stems, in par-
ticular, from the possibility that these phases play a fundamental role in the generation
of the baryon asymmetry of the Universe [55, 56]. The only other experiments which,
in principle, might provide information about the Majorana CPV phases are the neutri-
noless double beta ()0-decay experiments.
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5.1 Photon Energy Spectrum in RENP
The considered process occurs in the 3rd order (counting the four Fermi weak interaction
as the 2nd order) of electroweak theory as a combined weak and QED process, as depicted
in Fig. 5.1. Its eective amplitude has the form of
hgj~djpi  ~EGF
P
ij aij
y
j~i
pg   !  hpj
~Sejei ; (5.2)
aij = U

eiUej  
1
2
ij ; (5.3)
where Uei, i = 1; 2; 3, are the elements of the rst row of the neutrino mixing matrix
UPMNS , expressed as:
Ue1 = c12 c13 ; Ue2 = s12 c13 e
i ; Ue3 = s13 e
i( ) : (5.4)
Here we have used the standard notation cij = cos ij , sij = sin ij with 0  ij  =2,
0    2 and, in the case of interest for our analysis 1, 0  ;   , (see, however,
[6]). If CP invariance holds, we have  = 0; , and [7{9] ;  = 0; =2; .
The atomic part of the probability amplitude involves three states jei; jgi; jpi, where
the two states jei; jpi, responsible for the neutrino pair emission, are connected by a
magnetic dipole type operator, the electron spin ~Se. The jgi   jpi transition involves a
stronger electric dipole operator ~d. From the point of selecting candidate atoms, E1M1
type transition must be chosen between the initial and the nal states (jei and jgi). The
eld ~E in eq. (5.2) is the one stored in the target by the counter-propagating elds.
Figure 5.1:  type atomic level for RENP jei ! jgi +  + ij with i a neutrino
mass eigenstate. Dipole forbidden transition jei ! jgi+ +  may also occur via weak
E1 M1 couplings to jpi.
1Note that the two Majorana phases 21 and 31 dened in [1] are twice the phases  and : 21 = 2,
31 = 2.
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When the target becomes macro-coherent by irradiation of trigger laser, RENP process
conserves both the momentum and the energy which are shared by a photon and two
emitted neutrinos. The atomic recoil can be neglected to a good approximation. Since
neutrinos are practically impossible to measure, one sums over neutrino momenta and
helicities, and derives the single photon spectrum as a function of photon energy !. We
think of experiments that do not apply magnetic eld and neglect eects of atomic spin
orientation. The neutrino helicity (denoted by hr ; r = 1; 2) summation in the squared
neutrino current jk = aij
y
i kj gives bilinear terms of neutrino momenta (see [64] and
the discussion after eq. (5.19)):
KSkn 
X
h1;h2
jk(jn)y = jaij j2

1  M mimj
EiEj

1  2 (Im(aij))
2
jaij j2

kn
+
1
EiEj

pki p
n
j + p
k
j p
n
i   kn~pi  ~pj

: (5.5)
The case M = 1 applies to Majorana neutrinos, M = 0 corresponds to Dirac neutri-
nos. The term / mimj(1   2(Im(aij))2=jaij j2) is similar to, and has the same physical
origin as, the term / MiMj in the production cross section of two dierent Majorana
neutralinos i and j with masses Mi and Mj in the process of e
 + e+ ! i+j [131].
The term / MiMj of interest determines, in particular, the threshold behavior of the
indicated cross section.
The subsequent neutrino momentum integration (with Ei =
q
~p2i +m
2
i being the neu-
trino energy)Z
d3p1d
3p2
(2)2
3(~k + ~p1 + ~p2)(eg   !   E1   E2)KSij 
1
2
Z
dPKSij ; (5.6)
can be written as a second rank tensor of photon momentum, kikjG
(1)+ ij~k
2G(2) from
rotational covariance. Two coecient functions G(i) are readily evaluated by taking the
trace
P
i=j and a product with kikj and using the energy-momentum conservation. But
their explicit forms are not necessary in subsequent computation.
We now consider sum over magnetic quantum numbers of E1M1 amplitude squared:
R =
Z
dP
P
Me
2Je + 1
X
Mg
j
X
Mp
hgMgj~d  ~EjpMpi  hpMpj~Se ~j jeMeij2 : (5.7)
The eld ~E is assumed to be oriented along the trigger axis taken parallel to 3 axis.
Since there is no correlation of neutrino pair emission to the trigger axis, one may use
the isotropy of space and replace (~Se  ~k)ni(~Se  ~k)in0 by (~Se)ni  (~Se)in0~k2=3. Using the
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isotropy, we dene the atomic spin factor Cep(X) of X atom byP
Me
2Je + 1
hpMpj~SejeMei  heMej~SejpM 0pi = MpM 0pCep(X) : (5.8)
This means that only the trace part of eq. (5.5), 4KSii=3, is relevant for the neutrino
phase space integration.
The result is summarized by separating the interference term relevant to the case of
Majorana neutrinos i:
 2(!) =  0I(!)!(t) ;  0 =
3n2V G2Fpgegn
23pg
(2Jp + 1)Cep ; (5.9)
I(!) =
1
(pg   !)2
X
ij
(BijI
D
ij (!) + MB
M
ij I
M
ij (!)) ; (5.10)
BMij =
<(a2ij)
jaij j2 =

1  2 (Im(aij))
2
jaij j2

; Bij = jaij j2 = jUeiUej  
1
2
ij j2 ; (5.11)
IDij (!) =
1
!
Z 1
0
Z 1
0
dE1dE2(E1 + E2 + !   eg) (Cij(E1; E2)


E1E2 +
1
6
 
E21 +E
2
2  m2im2j   !2

; (5.12)
IMij (!) =  
mimj
!
Z 1
0
Z 1
0
dE1dE2(E1 + E2 + !   eg) (Cij(E1; E2)) ; (5.13)
Cij(E1; E2) =  (E21 + E22  m2i  m2j   !2) + 4(E21  m2i )(E22  m2j ): (5.14)
Here,  0 is a constant characterizing the experimental target with volume V and number
density n.
It is important to note that Cij(E1; E2) has origin from the momentum conservation.
Integration with respect to E1; E2 over the space limited by Cij(E1; E2) leads to a
threshold on photon energy for each pair of neutrinos, below which the given neutrino
pair is possible to be produced:
!ij = !ji =
eg
2
  (mi +mj)
2
2eg
; i; j = 1; 2; 3; m1;2;3  0 : (5.15)
If one can organize an experiment to measure one of the thresholds, the absolute neutrino
mass scale will be determined.
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After carrying out the integration and rewriting the result, we have nal expression for
I(!):
I(!) =
1
(pg   !)2
X
ij
jaij j2ij(!)
 
Iij(!)  Mmimj BMij

; (5.16)
ij(!) =
1
eg(eg   2!)
 
eg(eg   2!)  (mi +mj)2

  eg(eg   2!)  (mi  mj)2	1=2 ; (5.17)
Iij(!) =

1
3
eg(eg   2!) + 1
6
!2   1
18
!22ij(!) 
1
6
(m2i +m
2
j )
  1
6
(eg   !)2
2eg(eg   2!)2
(m2i  m2j )2

: (5.18)
The term / M mimj appears only for the Majorana case. We shall dene and discuss
the dynamical dimensionless factor !(t) further below. The limit of massless neutrinos
gives the spectral form,
I(!;mi = 0) =
!2   6eg! + 32eg
12(pg   !)2 ; (5.19)
where the prefactor of
P
ij jaij j2 = 3=4 is calculated using the unitarity of the neutrino
mixing matrix. On the other hand, near the threshold these functions have the behavior
/ p!ij   !.
We will explain next the origin of the interference term for Majorana neutrinos. The two-
component Majorana neutrino eld can be decomposed in terms of plane wave modes
as
 M (~x; t) =
X
i;~p

u(~p)e iEit+i~p~xbi(~p) + uc(~p)eiEit i~p~xb
y
i (~p)

; (5.20)
where the annihilation bi(~p) and creation b
y
i (~p) operators appears as a conjugate pair of
the same type of operator b in the expansion (the index i gives the i th neutrino of mass
mi, and the helicity summation is suppressed for simplicity). The concrete form of the
2-component conjugate wave function uc / i2u is given in [64]. A similar expansion
can be written in terms of four component eld if one takes into account the chiral
projection (1   5)=2 in the interaction. The Dirac case is dierent involving dierent
type of operators bi(~p) and d
y
i (~p):
 D(~x; t) =
X
i;~p

u(~p)e iEit+i~p~xbi(~p) + v(~p)eiEit i~p~xd
y
i (~p)

: (5.21)
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Neutrino pair emission amplitude of modes i~p1; j~p2 contains two terms in the case of
Majorana particle:
byib
y
j (aiju
(~p1)uc(~p2)  ajiu(~p2)uc(~p1)) ; (5.22)
and its rate involves
1
2
jaiju(~p1)uc(~p2)  ajiu(~p2)uc(~p1)j2
=
1
2
jaij j2
 j (1; 2)j2 + j (2; 1)j2 <(a2ij) ( (1; 2) (2; 1)) ; (5.23)
where the relation aji = a

ij is used and  (1; 2) = u
(~p1)uc(~p2). The result of the helicity
sum
P
( (1; 2) (2; 1)) is in [64], which then gives the interference term / BMij in the
formula (5.11).
We see from eqs. (5.9) and (5.16) that the overall decay rate is determined by the
energy independent  0, while the spectral information is in the dimensionless function
I(!). The rate  0 given here is obtained by replacing the eld amplitude E of eq. (5.2)
squared by egn, which is the atomic energy density stored in the upper level jei.
The dynamical factor !(t) is dened by a space integral of a product of macroscopic
polarization squared times eld strength, both in dimensionless units,
!(t) =
1
mL
Z mL=2
 mL=2
d
r1( ; mt)
2 + r2( ; mt)
2
4
je( ; mt)j2 : (5.24)
Here r1  ir2 is the medium polarization normalized to the target number density.
The dimensionless eld strength je(; )j2 = jE( = mx;  = mt)j2=(egn) is to be cal-
culated using the evolution equation for eld plus medium polarization in [130], where
 = mx (m = eggen=2 with ge the o-diagonal coecient of AC Stark shifts
[65, 66]) is the atomic site position in dimensionless unit along the trigger laser direc-
tion ( L=2 < x < L=2 with L the target length), and  = mt is the dimensionless
time. The characteristic unit of length and time are  1m  (1cm)(n=1021cm 3) 1 and
(40ps)(n=1021cm 3) 1 for Yb discussed below. We expect that !(t) in the formula
given above is roughly of order unity or less.2 We shall have more comments on this at
the end of this section.
Note that what we calculate here is not the dierential spectrum at each frequency,
instead it is the spectral rate of number of events per unit time at each photon energy.
Experiments for the same target atom are repeated at dierent frequencies !1  !11
2There is a weak dependence of the dynamical factor !(t) on the photon energy !, since the eld
e in eq. (5.24), a solution of the evolution equation, is obtained for the initial boundary condition of
frequency ! dependent trigger laser irradiation.
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in the NO case (or !1  !33 in the IO case) since it is irradiated by two trigger lasers
of dierent frequencies of !i (constrained by !1 + !2 = eg) from counter-propagating
directions.
As a standard reference target we take Yb atom and the following de-excitation path,
Yb; jei = (6s6p) 3P0 ; jgi = (6s2) 1S0 ; jpi = (6s6p) 3P1 : (5.25)
The relevant atomic parameters are as follows [132]:
eg = 2:14349 eV ; pg = 2:23072 eV ; pg = 1:1 MHz : (5.26)
The notation based on LS coupling is used for Yb electronic conguration, but this
approximation must be treated with care, since there might be a sizable mixing based
on jj coupling scheme. The relevant atomic spin factor Cep(Yb) is estimated, using the
spin Casimir operator within an irreducible representation of LS coupling. Namely,
h3P0j~Sej3P1;Mi  h3P1;M j~Sej3P0i = 1
3
X
M
h3P0j~Sej3P1;Mi  h3P1;M j~Sej3P0i = 2
3
; (5.27)
since ~Se  ~Se = 2 for the spin triplet. This gives Cep(Yb)= 2=3 for the intermediate path
chosen.
We also considered another path, taking the intermediate state of Yb, 1P1 with pg =
3:10806 eV ; pg = 0:176 GHz. Using a theoretical estimate of A-coecient 4:610 2 Hz
for 1P1 !3 P1 transition given in NIST [132] and taking the estimated Lande g-factor
[133], 3/2 for the 3P1 case, we calculate the mixed fraction of jj coupling scheme in LS
forbidden amplitude squared jh1P1j~Sej3P1ij2, to give Cep  1 10 4.
Summarizing, the overall rate factor  0 is given by
 0 =
3n2V G2Fpgegn
23pg
(2Jp + 1)Cep  0:37 mHz( n
1021 cm 3
)3
V
102 cm3
; (5.28)
where the number is valid for the Yb rst excited state of J = 0. If one chooses the
other intermediate path, 1P1, the rate  0 is estimated to be of order, 1  10 3 mHz, a
value much smaller than that of the 3P1 path. The denominator factor 1=(pg   !)2 is
slightly larger for the 3P1 path, too. We consider the intermediate
3P1 path alone in the
following.
The high degree of sensitivity to the target number density n seems to suggest that
solid environment is the best choice. But de-coherence in solids is fast, usually sub-
picoseconds, and one has to verify how ecient coherence development is achieved in
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the chosen target.
Finally, we discuss a stationary value of time independent !(t) (5.24) some time after
trigger irradiation. The stationary value may arise when many soliton pairs of absorber-
emitter [130] are created, since the target in this stage is expected not to emit photons
of PSR origin (due to the macro-coherent jei ! jgi + ), or emits very little only at
target ends, picking up an exponentially small leakage tail. This is due to the stability of
solitons against two photon emission. Thus the PSR background is essentially negligible.
According to [134], the !(t) integral (5.24) is time dependent in general. Its stationary
standard reference value may be obtained by taking the eld from a single created
soliton. This quantity depends on target parameters such as m and relaxation times.
Moreover, a complication arises, since many solitons may be created within the target,
and the number of created solitons should be multiplied in the rate. This is a dynamical
question that has to be addressed separately. In the following sections we compute
spectral rates, assuming !(t) = 1.
5.2 Sensitivity of the Spectral Rate to Neutrino Mass Ob-
servables and the Nature of Massive Neutrinos
We will discuss in what follows the potential of an RENP experiment to get information
about the absolute neutrino mass scale, the type of the neutrino mass spectrum and the
nature of massive neutrinos. We begin by recalling that the existing data do not allow
one to determine the sign of m2A = m
2
31(2) and in the case of 3-neutrino mixing, the
two possible signs of m231(2) corresponding to two types of neutrino mass spectrum. In
the standard convention [1] the two spectra read:
i) spectrum with normal ordering (NO): m1 < m2 < m3, m
2
A = m
2
31 > 0, m
2
21 > 0,
m2(3) = (m
2
1 +m
2
21(31))
1
2 ; ii) spectrum with inverted ordering (IO): m3 < m1 < m2,
m2A = m
2
32 < 0, m
2
21 > 0, m2 = (m
2
3 + m
2
23)
1
2 , m1 = (m
2
3 + m
2
23   m221)
1
2 .
Depending on the values of the smallest neutrino mass, min(mj)  m0, the neutrino
mass spectrum can also be normal hierarchical (NH), inverted hierarchical (IH) and
quasi-degenerate (QD):
NH : m1  m2 < m3 ; m2 = (m221)
1
2 = 0:009 eV ; m3 = (m231)
1
2 = 0:05 eV ;(5.29)
IH : m3  m1 < m2 ; m1;2 = jm232j
1
2 = 0:05 eV ; (5.30)
QD : m1 = m2 = m3 = m; m2j  jm231(32)j ; m > 0:10 eV : (5.31)
All three types of spectrum are compatible with the existing constraints on the absolute
scale of neutrino masses mj .
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5.2.1 General Features of the Spectral Rate
The rst thing to notice is that the rate of emission of a given pair of neutrinos (i+ j)
is suppressed, in particular, by the factor jaij j2, independently of the nature of massive
neutrinos. The expressions for the six dierent factors jaij j2 in terms of the sines and
cosines of the mixing angles 12 and 13, as well as their values corresponding to the best
t values of sin2 12 and sin
2 13 quoted in eq. (1.5), are given in Table 5.1. It follows
from Table 5.1 that the least suppressed by the factor jaij j2 is the emission of the pairs
(3+3) and (1+2), while the most suppressed is the emission of (2+3). The values
of jaij j2 given in Table 5.1 suggest that in order to be able to identify the emission of
each of the six pairs of neutrinos, the photon spectrum, i.e., the RENP spectral rate,
should be measured with a relative precision not worse than approximately 5 10 3.
As it follows from eqs. (5.16) and (5.11), the rate of emission of a pair of Majorana
neutrinos with masses mi and mj diers from the rate of emission of a pair of Dirac
neutrinos with the same masses by the interference term / mimjBMij . For i = j we have
BMij = 1, the interference term is negative and tends to suppress the neutrino emission
rate. In the case of i 6= j, the factor BMij , and thus the rate of emission of a pair of
dierent Majorana neutrinos, depends on specic combinations of the Majorana and
Dirac CPV phases of the neutrino mixing matrix: from eqs. (5.11) and (5.4) we get
BM12 = cos 2 ; B
M
13 = cos 2(   ) ; BM23 = cos 2(   + ) : (5.32)
In contrast, the rate of emission of a pair of Dirac neutrinos does not depend on the
CPV phases of the PMNS matrix. In the case of CP invariance we have ;  = 0; =2; ,
 = 0; , and, correspondingly, BMij =  1 or + 1, i 6= j. For BMij = +1, the interference
term tends to suppress the neutrino emission rate, while for BMij =  1 it tends to
increase it. If some of the three relevant (combinations of) CPV phases, say , has a
CP violating value, we would have  1 < BM12 < 1; if all three are CP violating, the
inequality will be valid for each of the three factors BMij :  1 < BMij < 1, i 6= j. Note,
however, that the rates of emission of (1 + 3) and of (2 + 3) are suppressed by
Table 5.1: The quantity jaij j2 = jUeiUej   12ij j2
ja11j2 = jc212c213   12 j2 ja12j2 = c212s212c413 ja13j2 = c212s213c213
0:0311 0:2027 0:0162
ja22j2 = js212c213   12 j2 ja23j2 = s212s213c213 ja33j2 = js213   12 j2
0:0405 0:0072 0:2266
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ja13j2 = 0:016 and ja23j2 = 0:007, respectively. Thus, studying the rate of emission of
(1 + 2) seems the most favorable approach to get information about the Majorana
phase , provided the corresponding interference term / m1m2BM12 is not suppressed by
the smallness of the factorm1m2. The massm1 can be very small or even zero in the case
of NH neutrino mass spectrum, while for the IH spectrum we have m1m2 > jm232j =
2:5  10 3 eV2. We note that all three of the CPV phases in eq. (5.32) enter into the
expression for the ()0  decay eective Majorana mass as their linear combination
(see, e.g., [28, 121, 135{137]):
j
X
i
miU
2
eij2 = m23s413 +m22s412c413 +m21c412c413 + 2m1m2s212c212c413 cos(2)
+ 2m1m3s
2
13c
2
12c
2
13 cos 2(   ) + 2m2m3s213s212c213 cos 2(   + ) : (5.33)
In the case of m1 < m2 < m3 (NO spectrum), the ordering of the threshold energies at
!ij = !ji is the following: !11 > !12 > !22 > !13 > !23 > !33. For NH spectrum with
negligible m1 which can be set to zero, the factors (mi +mj)
2  ij in the expression
(5.15) for the threshold energy !ij are given by: 11 = 0, 12 = m
2
21, 22 = 4m
2
21,
13 = m
2
31, 23 = (
p
m231 +
p
m221)
2, 33 = 4m
2
31. It follows from eq. (5.15) and
the expressions for ij that !11, !12 and !22 are very close, !13 and !23 are somewhat
more separated and the separation is the largest between !22 and !13, and !23 and !33:
NH : !11   !12 = 1
3
(!12   !22) = 1
2eg
m221
= 1:759 (8:794) 10 5 eV ; (5.34)
NH : !13   !23 = 1
2eg
(2
q
m221
q
m231 +m
2
21)
= 0:219 (1:095) 10 3 eV ; (5.35)
NH : !22   !13 = 1
2eg
(m231   4m221) = 0:506 (2:529) 10 3 eV ; (5.36)
NH : !23   !33 = 1
2eg
(3m231   2
q
m221
q
m231  m221)
= 1:510 (7:548) 10 3 eV ; (5.37)
where the numerical values correspond to m221 given in eq. (1.4) and eg = 2.14349 (num-
bers in parenthesis corresponding to the 1/5 of Yb value, namely 0.42870) eV. We get
similar results in what concerns the separation between the dierent thresholds in the
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Figure 5.2: Global feature of photon energy spectrum I(!) for the 3P0 ! 1S0 tran-
sitions in Yb. The lines corresponding to m0 = 20 meV (red line) and to massless
neutrinos, mi = 0 (blue line), are practically indistinguishable in this gure (see text
for details).
case of QD spectrum and m231 > 0:
QD : !11   !12 = !12   !22 = !13   !23 = 1
eg
m221
= 3:518 (17:588) 10 5 eV ; (5.38)
QD : !22   !13 = !23   !33   1
eg
m221 =
1
eg
(m231   2m221)
= 1:082 (5:410) 10 3 eV : (5.39)
For spectrum with inverted ordering, m3 < m1 < m2, the ordering of the threshold
energies is dierent: !33 > !13 > !23 > !11 > !12 > !22. In the case of IH spectrum
with negligible m3 = 0, we have: 33 = 0, 13 = m
2
23   m221, 23 = m223, 11 =
4(m223   m221), 12 = (
p
m223 +
p
m223  m221)2, 22 = 4m223. Now not only
!11, !12 and !22, but also !13 and !23, are very close, the corresponding dierences
being all  m221=eg. The separation between the thresholds !33 and !13, and between
!23 and !11, are considerably larger, being  m223=eg. These results remain valid also
in the case of QD spectrum and m232 < 0.
It follows from the preceding discussion that in order to observe and determine all six
threshold energies !ij , the photon energy ! should be measured with a precision not
worse than approximately 10 5 eV. This precision is possible in our RENP experiments
since the energy resolution in the spectrum is determined by accuracy of the trigger laser
frequency, which is much better than 10 5 eV.
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Figure 5.3: Photon energy spectrum from Yb 3P0 ! 1S0 transitions in the threshold
region in the cases of NH spectrum (solid lines) and IH spectrum (dashed lines) and for
3 dierent sets of Dirac neutrinos masses corresponding to m0 = 2 meV (blue lines),
20 meV (red lines) and 50 meV (green lines).
5.2.2 Neutrino Observables
We will concentrate in what follows on the analysis of the dimensionless spectral function
I(!) which contains all the neutrino physics information of interest.
In Fig. 5.2 we show the global features of the photon energy spectrum for the Yb
3P0 ! 1S0 transition in the case of massive Dirac neutrinos and NH and IH spectra.
For the lightest neutrino mass m0  20 meV, all spectra (including those corresponding
to massive Majorana neutrinos which are not plotted) look degenerate owing to the
horizontal and vertical axes scales used to draw the gure.
The Absolute Neutrino Mass Scale. Much richer physics information is contained
in the spectrum near the thresholds !ij . Figure 5.3 shows the Dirac neutrino spectra
for three dierent sets of values of the neutrino masses (corresponding to the smallest
mass m0 = 2; 20; 50 meV) and for both the NO (m
2
31(32) > 0) and IO (m
2
31(32) < 0)
neutrino mass spectra. One sees that the locations of the thresholds corresponding to
the three values of m0 (and that can be seen in the gure) dier substantially. This
feature can be used to determine the absolute neutrino mass scale, including the smallest
mass, as evident in dierences of spectrum shapes for dierent masses of m0, 2, 20, 50
meV in Fig. 5.3. In particular, the smallest mass can be determined by locating the
highest threshold (!11 for NO and !33 for IO). Also the location of the most prominent
kink, which comes from the heavier neutrino pair emission thresholds (!33 in the NO
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Figure 5.4: Spectra from Yb 3P0 ! 1S0 transitions in the cases of Dirac neutrinos
(blue lines) and Majorana neutrinos (red lines) with masses corresponding to m0 = 20
meV, for NH spectrum (solid lines) and IH spectrum (dashed lines).
case and !12 in the IO case), can independently be used to extract the smallest neutrino
mass value, and thus to check consistency of two experimental methods.
If the spectrum is of the NO type, the measurement of the position of the kink will
determine the value of !33 and therefore of m3. For the IO spectrum, the threshold !12
is very close to the thresholds !22 and !11. The rates of emission of the pairs (2+2) and
(1+ 1), however, are smaller approximately by the factors 10.0 and 12.7, respectively,
than the rate of emission of (1 + 2). Thus, the kink due to the (1 + 2) emission will
be the easiest to observe. The position of the kink will allow to determine (m1 +m2)
2
and thus the absolute neutrino mass scale. If the kink due to the emission of (2+2) or
(1 + 1) will also be observed, it can be used for the individual m1;m2 determination
as well.
The Neutrino Mass Spectrum (or Hierarchy). Once the absolute neutrino mass
scale is determined, the distinction between the NH (NO) and IH (IO) spectra can
be made by measuring the ratio of rates below and above the thresholds !33 and !12
(or !11), respectively. We note that both of these measurements can be done without
knowing the absolute counting rates. For m0 < 20 meV and NH (IH) spectrum, the
ratio of the rates at ! just above the !33 (!11) threshold and suciently far below the
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Figure 5.5: The ratio R( )   2(!)= 2(!;mi = 0) in the case of emission of
Dirac and Majorana massive neutrinos having NO (left panels) or IO (right panels)
mass spectrum corresponding to m0 = 50; 100 meV, for eg = 2:14 eV and four values
of the CPV phases (;    ) in the Majorana case.
indicated thresholds, ~R, is given by:
NH : ~R(!33;NH) =
P
i;j jaij j2   ja33j2P
i;j jaij j2
= 0:70 ; (5.40)
IH : ~R(!11; IH) = ja33j
2 + 2 (ja13j2 + (ja23j2)P
i;j jaij j2
= 0:36 : (5.41)
In obtaining the result (5.41) in the IH case we have assumed that !22 and !12 are
not resolved, but the kink due to the !11 threshold could be observed. The latter does
not corresponds to the features shown in Fig. 5.3 (and in the subsequent gures of the
paper), where the kink due to the !11 threshold is too small to be seen and only the
kink due to the !12 threshold is prominent.
The Nature of Massive Neutrinos. The Majorana vs Dirac neutrino distinction is
much more challenging experimentally, if not impossible, with the Yb atom. This is
illustrated in Fig. 5.4, where the Dirac and Majorana spectra are almost degenerate for
both the NH and IH cases. The gure is obtained for m0 = 20 meV and the CPV phases
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Figure 5.6: Majorana vs Dirac neutrino comparison of R( ) in the case of hypothetic
atom X with energy dierence eg = eg(Yb)=5 form0 = 2 meV and NH (solid lines) and
IH (dashed lines) spectra. The red and blue lines correspond respectively to Majorana
and Dirac massive neutrinos.
set to zero, (;    ) = (0; 0), but the conclusion is valid for other choices of the values
of the phases as well.
The dierence between the emission of pairs of Dirac and Majorana neutrinos can be
noticeable in the case of QD spectrum with m0  100 meV and for values of the phases
 = 0, as is illustrated in Fig. 5.5, where we show the ratioR( )   2(!)= 2(!;mi =
0) = I(!)=I(!;mi = 0) as a function of !. As Fig. 5.5 indicates, the relative dierence
between the Dirac and Majorana spectra can reach approximately 6% at values of !
suciently far below the threshold energies !ij . For m0 = 50 meV, this dierence
cannot exceed 2% (Fig. 5.5).
A lower atomic energy scale eg > 100 meV, which is closer in value to the largest
neutrino mass, would provide more favorable conditions for determination of the nature
of massive neutrinos and possibly for getting information about at least some (if not all)
of the CPV phases. In view of this we now consider a hypothetical atom X scaled down
in energy by 1/5 from the real Yb, thus eg  0:4 eV. There may or may not be good
candidate atoms/molecules experimentally accessible, having level energy dierence of
order of the indicated value. Figure 5.6 shows comparison between the ratios R( ) from
X 3P0 !1 S0 for Majorana and Dirac neutrinos with m0 = 2 meV, for both the NH and
IH cases. As seen in Fig. 5.6, the Majorana vs Dirac dierence is bigger than 5% (10%)
above the heaviest pair threshold in the NH (IH) case. The dierence becomes bigger
for larger values of the smallest neutrino mass m0, making the measurement easier.
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Figure 5.7: The same as in Fig. 5.5 but for eg = 0:43 eV.
This is illustrated in Fig. 5.7, where we show again the ratio R( ) = I(!)=I(!;mi =
0) as a function of ! in the case of Dirac and Majorana pair neutrino emission for
m0 = 50; 100 meV and NO and IO spectra. In the Majorana neutrino case, the
ratio R( ) is plotted for the four combinations of CP conserving values of the phases
(;   ) = (0; 0); (0; =2); (=2; 0); (=2; =2). There is a signicant dierence between
the Majorana neutrino emission rates corresponding to (;  ) = (0; 0) and (=2; =2).
The dierence between the emission rates of Dirac and Majorana neutrinos is largest
for (;    ) = (0; 0). For m0 = 50 (100) meV and (;    ) = (0; 0). for instance,
the rate of emission of Dirac neutrinos at ! suciently smaller than !33 in the NO case
and !22 in the IO one, can be larger than the rate of Majorana neutrino emission by
 20% (70%). The Dirac and Majorana neutrino emission spectral rates never coincide.
In Figs. 5.8 and 5.9 we show the dependence of the ratios R( ) on the CPV phases  and
   for m0 = 2 meV. Generally speaking, the CPV phase measurement is challenging,
requiring a high statistics data acquisition. A possible exception is the case of  and IH
spectrum, as shown in Fig. 5.9, where the dierence between the ratios R( ) for  = 0
and  = =2 can reach 10%. For the NH spectrum, the analogous dierence is at most
a few percent; observing this case requires large statistics in actual measurements.
It follows from these results that one of the most critical atomic physics parameters for
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Figure 5.8: The dependence of R( ) on the CPV phases  and (   ) in the case of
NH spectrum with m0 = 2 meV and for the transitions corresponding to Fig. 5.6. The
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Figure 5.9: The same as in Fig. 5.8 for IH spectrum. The blue, red, and lines
correspond to (;    ) = (0; 0); (=2; 0) and (0; =2), respectively.
the potential of an RENP experiment to provide information on the largest number of
fundamental neutrino physics observables of interest is the value of the energy dierence
eg. Values eg 0.4 eV are favorable for determining the nature of massive neutrinos,
and, if neutrinos are Majorana particles, for getting information about at least some of
the leptonic CPV phases, which are the most dicult neutrino related observables to
probe experimentally.
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5.3 Chapter Conclusion
As the content of this chapter, we have investigated the sensitivity to undetermined
neutrino parameters and properties (the absolute mass scale, the type of neutrino mass
spectrum, the nature - Dirac or Majorana, of massive neutrinos and the CP violating
phases) of the observables in macro-coherent RENP experiments.
The specic case of a potential RENP experiment measuring the photon spectrum orig-
inating from 3P0 ! 1S0 transitions in Yb atoms was considered. The relevant atomic
level energy dierence is eg = 2:14349 eV. Our results show that once the RENP events
are unambiguously identied experimentally, the least challenging would be the mea-
surement of the largest neutrino mass (or the absolute neutrino mass scale). The next
in the order of increasing diculty is the determination of the neutrino mass spectrum
or hierarchy (NH, IH, QD). The Majorana vs Dirac distinction and the measurement of
the CPV phases are considerably more challenging, requiring high statistics data from
atoms (or molecules) with lower energy dierence eg < 0:5 eV. Although the measure-
ments of the indicated fundamental parameters of neutrino physics might be demanding,
a single RENP experiment might provide a systematic strategy to determine almost all
of these parameters, and thus can contribute to the progress in understanding the origin
of neutrino masses and of the physics beyond the Standard Model possibly associated
with their existence.
The present work points to the best atom/molecule candidate with level energy dierence
of less than O(0.5 eV) for the indicator eg. Besides the desirable richness of detectable
observables, good candidates for realistic RENP experiments have to be searched also
from the point of least complexity of target preparation.

Chapter 6
Conclusion
In the present thesis, we have investigated the LFV processes in the charged lepton sector
in the three scenarios of light neutrino mass generation, see-saw type I, see-saw type II
(or Higgs Triplet Model) and see-saw type III, at the TeV scale. We also discussed the
sensitivity of the radiative emission of neutrino pair experiment for determining the still
unknown neutrino properties, such as their nature - Dirac or Majonana, absolute mass
scale, hierarchy of the mass spectrum. The results are summarized as below.
In Chapter 2, the three well-known types of see-saw models have been introduced with
assumption that the masses of the additional particles (heavy Majorana neutrinos for
see-saw type I and III, or physical Higgs particles in case of Higgs triplet model) are
at the TeV scale. We have considered type I and type III scenarios, whose two heavy
Majorana neutrinos with similar masses forming a pseudo-Dirac state, such that it could
have sizeable enough couplings j(RV )lij, which might provide observable eects at low
energy scale, after being constrained by the experimental data of neutrino oscillations
and EW precision tests. Then, in the same Chapter, the rates of the LFV processes
`! `0 + , `! 3`0 (` =  and `0 = e, or ` =  and `0 = ; e) and ! e conversion, are
calculated in the type I and type II see-saw models, while the ! e+ , ! 3e decays
and the  ! e conversion rates in the type III see-saw scheme were discussed later in
Chapter 3.
In Chapter 3 and Chapter 4, we have analyzed in detail the dependence of the LFV
rates on the light neutrino masses and the CPV phases using the current data on the
neutrino oscillation parameters. We also set constraints on the couplings j(RV )`ij of the
heavy Majorana neutrinos to the charged leptons l and W and to `L and Z0 using
the current experimental upper bounds on the LFV `! `0+, `! 3`0 decay and ! e
conversion rates.
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In the type I see-saw, our results show that the muon LFV decays (! e+ , ! 3e)
and ! e conversion have observable rates within the sensitivities of the next generation
of the LFV experiments. In contrast, the LFV rates of the processes involving the 
lepton,  ! (; e) + ,  ! 3, are predicted to be lower than the detectable limits of
the planned experiments. Thus, any detected signal of the LFV  decays in the next
generation of experiments will rule out the TeV scale type I see-saw model. It is also
important to note that, in the case of IH spectrum, the decay rates of `! `0+, `! 3`0
(` =  and `0 = e, or ` =  and `0 = ; e), with the exception of  ! e, might be
strongly suppressed at some specic values of the CPV phases and lightest neutrino
mass. Furthermore, the  ! e conversion rate in the nuclei considered (Al, Ti, Au)
could also pass through zero at a certain value of the heavy Majorana neutrino mass
M1 of a few TeV.
In the case of the Higgs triplet model, one has to keep in mind that all considered
LFV rates are proportional to M 4 , M being the mass of the physical singly charged
and doubly charged Higgs particles. Thus, the values of the LFV rates are strongly
suppressed when M increases beyond the TeV scale. Therefore, if the physical scale of
neutrino mass generation is too high, this will rule out any possibility to observe LFV
signal in the  and  decays as well as in the searches for ! e conversion. The rates,
in general, are also functions of the mixing angles, neutrino masses and both Dirac
and Majorana CPV phases. However, in the special case of the charged lepton LFV
decays with emission of a real photon ( ! e,  !  and  ! e), the rates do
not depend on the lightest neutrino mass nor on the Majorana CPV phases. Detailed
analysis shows that rates of  ! e + ,  ! 3e,  ! 3 decays and  ! e conversion
have values within the sensitivities of the next generation experiments. Furthermore,
we have also considered the possibility of the branching ratio Br( ! 3) in the range
of 10 10  Br( ! 3)  10 8, which is the interval between the present experimental
upper bound and the limit of next generation experimental sensitivity. Finally, using
the correlation between Br( ! e + ), Br( ! 3e) and Br( ! (; e) + ) in the
see-saw type II scenario, it is proved that Br( !  + )  5:9 (6:1)  10 12 NO (IO)
and Br( ! e+ )  3:9 10 12, respectively.
With the FCNCs arising at tree-level in the type III see-saw model, the eective  e Z
coupling will provide large magnitudes of the rates of considered LFV processes. Thus,
either the LFV processes of ! e+, ! 3e, and ! e conversion would be observed
in the future experiments or the couplings j(RV )`ij will be severely constrained.
It follows from the results obtained on the LFV processes in the three well-known types of
see-saw models of neutrino mass generation that it will be relatively easy to discriminate
the type III and the type I and type II see-saw models. To discriminate between the
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type I and type II see-saw is trickier. In principle, one might use the independence of
the branching ratios Br(` ! `0) on the lightest neutrino mass and the CPV phase in
the Higgs triplet model to distinguish it from the type I see-saw. However the values
of the CPV phases and neutrino mass scale are still unknown at present. Our results
also show that the channel of  ! 3 decay is the only process that could be used, in
principle, to discriminate between them.
As the last topic discussed in the thesis, in Chapter 5, we have introduced and carried
out numerical analysis the phenomenon of radiative emission of neutrino pair in atoms.
The process is sensitive to the absolute neutrino mass scale, the type of neutrino mass
spectrum, the nature - Dirac or Majorana - of massive neutrinos, and the CPV Majorana
phases in the neutrino mixing matrix. These are basically all of the unknown neutrino
properties. The neutrino masses and the mass spectrum are determined by measuring
the threshold energy of the photon which accompanies each emitted pair of neutrinos.
In order to get information about the nature of massive neutrinos, and if neutrinos
are Majorana particles - about the Majorana CPV phases - requires a high precision
measurements of the emission rate from atoms with energy dierences of eg  0:5 eV.

Appendix A
See-saw Type I Form Factor
In this appendix, we are going to calculate the form factors of the diagrams which have
contributions to the LFV processes such as ! e, ! 3e decays and   e conversion
etc., in the scheme of see-saw type I model. For convenience, we use the same Feynman
rule conventions and notations reported in [138]. As the rst step, we write down here
the denitions of the functions and notations that will be used in the further calculation
[138]:
D3(x; y) = (1  y)m2i + y

M2w   q2x(1  x)
  y(1  y)p2 ; (A.1)
D3F (x; y) = (1  y)M2w + y

m2   q2x(1  x)	  y(1  y)p2 ; (A.2)
D2a =M
2
w(1  x) +m2ix  p21x(1  x) ; (A.3)
D2b =M
2
w(1  x) +m2ix  p22x(1  x) ; (A.4)
p = (1  x)p1 + xp2 ; q = p1   p2 ; m2 = (1  x)m2i +m2jx ; (A.5)
Sl =
m2l
M2w
l = e; ;  ; i =
m2i
M2w
i = 1; 2; :::; 3 + k ; (A.6)
where mi is mass of the Majorana neutrino ni or quark qi; pi (i = 1; ::; 4) stand for
momentums of the incoming and outgoing particles; while k is number of the heavy
neutrinos participating in the model.
The ultraviolet divergent part is expressed as
CUV =
1
"
   + log 4 : (A.7)
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Figure A.1: Feynman diagrams contribute to the eective vertex ll0 (l 6= l0).
We also dene new notations:
Int (f(x)) =
Z 1
0
dx f(x) ; (A.8)
Int (f(x; y)) =
Z 1
0
dx
Z 1
0
dy f(x; y) ; (A.9)
Int (f(x; y; z)) =
Z 1
0
dx
Z 1
0
dy
Z 1
0
dz f(x; y; z) : (A.10)
(A.11)
A.1 Calculation of the Gamma Exchange Diagrams
The diagrams which contribute to the eective vertex ll0 (l 6= l0) are shown in the Fig.
A.1. Using the results reported in the appendix B of [138] and dening the eective
coupling ll0 in the following
  e   =  e
hX
r=a
 (r) =
hX
r=a
Diag:(r) ; (A.12)
one obtains:
 (a) =  
g2
322
UliU

l0i

 m2iPR
Z 1
0
y dx dy
D3(x; y)
+mPR
Z 1
0
dx dy
D3(x; y)
y2=p

; (A.13)
 (b) =
g2
322
UliU

l0i

m2iPR
Z 1
0
y dx dy
D3(x; y)
 mPL
Z 1
0
dx dy
D3(x; y)
y2=p

; (A.14)
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 (c) =  
g2
322
UliU

l0i

 PL

3CUV   2  6
Z 1
0
dx dy y log [D3(x; y)]

+ PR
Z 1
0
y2 dx dy
D3(x; y)
n
(=p2   2=p1 + y=p)=p   2(p1 + p2   2yp)=p
+ a=p(=p1   2=p2 + y=p)
oi
; (A.15)
 (d) =  
g2
322
UliU

l0i=p2PL

CUV   1  2
Z 1
0
dx(1  x) log [D2b(x)]

=p2 +m
m2  m2
 ; (A.16)
 (e) =  
g2
322
UliU

l0i
=p1 +m
m2  m2
=p1PL

CUV   1  2
Z 1
0
dx(1  x) log [D2a(x)]

; (A.17)
 (f) =  
g2
642M2w
UliU

l0i

m2i f(m +m) + 5(m  m)g
Z 1
0
dx dy y
D3(x; y)
 (p1 + p2   2yp)   1
2

(mm +m
2
i )  5(mm  m2i )
	



CUV   2
Z 1
0
dx dy y log [D3(x; y)]

  (mm +m2i )  5(mm  m2i )	

Z 1
0
dx dy y2
D3(x; y)
(p1 + p2   2yp)=p

: (A.18)
 (g) =
g2
642M2w
UliU

l0i

m2i f(m +m) + 5(m  m)g

CUV  
Z 1
0
dx log [D2b(x)]

  =p2
2

(mm +m
2
i ) + 5(mm  m2i )
	
CUV   2
Z 1
0
dx(1  x) log [D2b(x)]

 =p2 +m
m2  m2
 ; (A.19)
 (h) =
g2
642M2w
UliU

l0i 
=p1 +m
m2  m2

m2i f(m +m) + 5(m  m)g fCUV 
 
Z 1
0
dx log [D2a(x)]

  =p1
2

(mm +m
2
i ) + 5(mm  m2i )
	 fCUV 
  2
Z 1
0
dx(1  x) log [D2a(x)]

; (A.20)
From the above results, one can see that the divergences appear in  
(i)
 for i = c; :::; f .
The divergences in diagrams (c), (d) and (e) vanish explicitly because of the unitarity
of the neutrino mixing matrix
P3+k
i UiU

i = 0 ( 6= ), while the divergences in  (f) ,
 
(g)
 , and  
(h)
 cancel each other. After ignoring the divergences and simplifying the
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result, we have:
 (a) =
g2
322
UliU

l0i

A
(1)
1 Int

y
D3(x; y)

+B
(1)
1 Int

y2x
D3(x; y)

+ B
(1)
2 Int

y2
D3(x; y)

;
A
(1)
1 =M
2
wiPL; B
(1)
1 =M
2
wSPL   2=p1p2PL + =p2=p1PL;
B
(1)
2 =  M2wSPL: (A.21)
 (b) =
g2
322
UliU

l0i

A
(2)
1 Int

y
D3(x; y)

+B
(2)
1 Int

y2x
D3(x; y)

+ B
(2)
2 Int

y2
D3(x; y)

;
A
(1)
1 =M
2
wiPL; B
(1)
1 =  M2wSPL + 2=p2p1PL   =p2=p1PL;
B
(2)
2 = =p2=p1PL   2=p2p1PL: (A.22)
 (c) =
g2
322
UliU

l0i

A
(5)
1 Int

y3x2
D3(x; y)

+A
(5)
2 Int

y3x
D3(x; y)

+A
(5)
3 Int

y3
D3(x; y)

+ B
(5)
1 Int

y2x
D3(x; y)

+B
(5)
2 Int

y2
D3(x; y)

+ C
(5)
1 Int (y logD3(x; y))

;
A
(5)
1 = 2M
2
wrPL   4=p1p1PL + 4=p2p1PL + 4=p1p2PL   4=p2p2PL ;
A
(5)
2 = 8=p1p1PL   4=p2p1PL   4=p1p2PL + 2M2w(S   S   r)aPL ;
A
(5)
3 =  4=p1p1PL   2M2wSPL ; B
(5)
1 =  2=p1p1PL + 2=p2p2PL
 M2w(S   S)PL ; B(5)2 = 2=p1p1PL   2=p1p2PL   2=p2p1PL
+3=p2=p1PL +M
2
w(3S + 2S + 2r)PL ; C
(5)
1 =  6PL : (A.23)
 (d) +  
(e)
 =
g2
162
UliU

l0i
h
A(34) fInt [(1  x) logD2a(x)]  Int [(1  x) logD2b(x)]g
+ B(34) fSInt [(1  x) logD2a(x)]  SInt [(1  x) logD2b(x)]g
i
;
A(34) =
1
S   S
=p2=p1PL
M2w
; B(34) =
1
S   S PL : (A.24)
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 (f) =
g2
322
UliU

l0i

 i

A
(8)
1 Int

y2x
D3(x; y)

+A
(8)
2 Int

y2
D3(x; y)

+ A
(8)
3 Int

y
D3(x; y)

+ i

B
(8)
1 Int

y3x2
D3(x; y)

+B
(8)
2 Int

y3x
D3(x; y)

+ B
(8)
3 Int

y3
D3(x; y)

+ C
(8)
1 Int

y2x
D3(x; y)

+ C
(8)
2 Int

y2x
D3(x; y)

+ D
(8)
1 Int [y logD3(x; y)]
i
;
A
(8)
1 = 2=p1p1PL + 2=p2p1PL   2=p1p2PL   2=p2p2PL ; A
(8)
2 =  2=p1p1PL
 2=p2p1PL ; A
(8)
3 = =p1p1PL + =p2p1PL + =p1p2PL + =p2p2PL ;
B
(8)
1 =  2=p1p1PL + 2=p2p1PL + 2=p1p2PL   2=p2p2PL ;
B
(8)
2 = 4=p1p1PL   2=p2p1PL   2=p1p2PL ; B
(8)
3 =  2=p1p1PL ;
C
(8)
1 =  =p1p1PL + =p2p1PL   =p1p2PL + =p2p2PL ; C
(8)
2 = =p1p1PL
+=p1p2PL ; D
(8)
1 =  iPL  
=p2=p1PL
M2w
: (A.25)
 (g) +  
(h)
 =
g2
322
UliU

l0i
h
A(67) fInt [logD2a(x)]  Int [logD2b(x)]g
+ B
(67)
1 fInt [(1  x) logD2a(x)]  Int [(1  x) logD2b(x)]g
+ B
(67)
2 fSInt [(1  x) logD2a(x)]  SInt [(1  x) logD2b(x)]g
i
;
A(67) =   i
S   S

(S + S)PL +
2=p2=p1PL
M2w

;
B
(67)
1 =
1
S   S

SSPL + i
=p2=p1PL
M2w

;
B
(67)
2 =
1
S   S

=p2=p1PL
M2w
+ iPL

: (A.26)
Carrying on the integrations and keeping only the leading order terms,  () is arrived
at the form:
 () =
hX
r=a
 (i) () =
g2
322
UliU

l0iPR

F(i)

  q
2
M2w
 +
(=p1   =p2)(p1   p2)
M2w

+ G(i)

=p1(p1 + p2)
M2w
  S   =
p
2
=p1
M2w

+G(i)

=p2(p1 + p2)
M2w
  S   =
p
2
=p1
M2w

;
F(x) =
x(7x2   x  12)
12(1  x)3  
x2(12  10x+ x2)
6(1  x)4 log x ; (A.27)
G(x) =  x(2x
2 + 5x  1)
4(1  x)3  
3x3
2(1  x)4 log x : (A.28)
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Finally, using the property of the Dirac equation
u(p2)
h
=p1(p1 + p2)  m2   =p2=p1
i
u(p1) = mu(p2)iq
u(p1) ; (A.29)
u(p2)
h
=p2(p1 + p2)  m2e   =p2=p1
i
u(p1) = meu(p2)iq
u(p1) ; (A.30)
we can rewrite the eective coupling in the gauge covariant form
  e u(p2) ()u(p1) =
g2e
322M2w
UliU

l0iu(p2)

F()
 
q2   =qq

PL
  iqG() (mePL +mPR)
i
u(p1) ; (A.31)
  e  () =
g2e
322M2w
UliU

l0i

F()
 
q2   =qq

PL
  iqG() (mePL +mPR)
i
: (A.32)
A.2 Calculation of the Z Boson Exchange Diagrams
In the type I see-saw scenario, the diagrams, which give one-loop correction to the
eective vertex ll0Z (l 6= l0) are listed in the Fig. A.2. In this case, let us dene the
eective vertex as
g
4 cos w
 z =
g
4 cos w
kX
r=a
 (r) =
kX
r=a
Diag:(r) : (A.33)
Using the same trick like the previous case, we obtain the contributions of the diagrams
quoted in Fig. A.2:
 (a) =
g2
82
UliU

l0i sin
2 w

m2iPR
Z 1
0
y dx dy
D3(x; y)
 mPR
Z 1
0
dx dy
D3(x; y)
y2=p

; (A.34)
 (b) =
g2
82
UliU

l0i sin
2 w

m2iPR
Z 1
0
y dx dy
D3(x; y)
 mPL
Z 1
0
dx dy
D3(x; y)
y2=p

; (A.35)
 (c) =
g2
82
UliU

l0i cos
2 w

 PL

3CUV   2  6
Z 1
0
dx dy y log [D3(x; y)]

+ PR
Z 1
0
y2 dx dy
D3(x; y)
n
(=p2   2=p1 + y=p)=p   2(p1 + p2   2yp)=p +
+ =p(=p1   2=p2 + y=p)
oi
; (A.36)
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Figure A.2: Feynman diagrams contribute to the eective vertex ll0Z (l 6= l0).
 (d) =
g2
322
UliU

l0i =p2PL

CUV   1  2
Z 1
0
dx(1  x) log [D2b(x)]

=p2 +m
m2  m2
 
 
2PL   4 sin2 w

; (A.37)
 (e) =
g2
322
UliU

l0i 
 
2PL   4 sin2 w
 =p1 +m
m2  m2
=p1PL


CUV   1  2
Z 1
0
dx(1  x) log [D2a(x)]

; (A.38)
 (f) =
g2
322M2w
UliU

l0i
 
1  2 sin2 w
 
m2i f(m +m) + 5(m  m)g

Z 1
0
dx dy y
D3(x; y)
(p1 + p2   2yp)  

(mm +m
2
i )  5(mm  m2i )
	

Z 1
0
dx dy y2
D3(x; y)
(p1 + p2   2yp)=p  1
2

(mm +m
2
i )  5(mm  m2i )
	



CUV   2
Z 1
0
dx dy y log [D3(x; y)]

; (A.39)
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 (g) =  
g2
642M2w
UliU

l0i

m2i f(m +m) + 5(m  m)g fCUV
 
Z 1
0
dx log [D2b(x)]

  =p2
2

(mm +m
2
i ) + 5(mm  m2i )
	 fCUV
  2
Z 1
0
dx(1  x) log [D2b(x)]

=p2 +m
m2  m2

 
2PL   4 sin2 w

; (A.40)
 (h) =  
g2
642M2w
UliU

l0i 
 
2PL   4 sin2 w
 =p1 +m
m2  m2

m2i f(m +m)
+ 5(m  m)g 

CUV  
Z 1
0
dx log [D2a(x)]

  =p1
2

(mm +m
2
i )
+ 5(mm  m2i )
	CUV   2Z 1
0
dx(1  x) log [D2a(x)]

; (A.41)
 (i) =
g2
82M2w
UliCijU

l0j

PR
Z 1
0
dx dy y
D3F (x; y)
(=p1   y=p)(=p2   y=p) +
1
2
PL


CUV   2  2
Z 1
0
dx dy y logD3F (x; y)

; (A.42)
 (k) =  
g2
162M2w
UliCijU

l0j

 m2im2jPL
Z 1
0
dx dy y
D3F (x; y)
+mm
2
iPL

Z 1
0
dx dy y
D3F (x; y)
(=p2   y=p) +mm2jPL
Z 1
0
dx dy y
D3F (x; y)
(=p1   y=p)
  mmPL
Z 1
0
dx dy y
D3F (x; y)
(=p2   y=p)(=p1   y=p) 
mmPR
2


CUV   1  2
Z 1
0
dx dy y logD3F (x; y)

; (A.43)
where Cij =
Pe;;
 U

iUj .
In the case considered, the unitarity of the mixing matrix will eliminate the divergences
in the (e), (i) and (k) diagrams, the divergences remained also vanishes since:
 (d) (CUV ) +  
(e)
 (CUV ) = 0 ; (A.44)
 (f) (CUV ) +  
(g)
 (CUV ) +  
(h)
 (CUV ) = 0 : (A.45)
One can simplify the above results by keeping only the leading order terms that con-
tribute to the eective vertex:
 (a;b) =
g2
82
UliU

l0i sin
2 w M
2
wi Int

y2
D3(x; y)

PL ; (A.46)
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 (c) =
g2
82
UliU

l0i cos
2 w Int [y logD3(x; y)] 6PL ; (A.47)
 (d) +  
(e)
 =  
g2
82
UliU

l0i
1  2 sin2 w
S   S fSInt [(1  x) logD2a(x)]
  SInt [(1  x) logD2b(x)]g PL ; (A.48)
 (f) =
g2
162
UliU

l0i i(1  2 sin2 w) Int [y logD3(x; y)] PL ; (A.49)
 (g) +  
(h)
 =  
g2
162
UliU

l0i
i(1  2 sin2 w)
S   S fSInt [logD2a(x)]
  SInt [logD2b(x)]g PL ; (A.50)
 (i) =  
g2
82
UliCijU

l0j Int [y logD3F (x; y)] PL ; (A.51)
 (k) =
g2
162
UliCijU

l0j ijM
2
w Int

y
D3F (x; y)

PL ; (A.52)
Performing the integrations with respect to x and y, the results read:
hX
r=a
 (r) =  
g2
82
UliU

l0i Fz(i) PL ; (A.53)
Fz(x) =   5x
2(1  x)  
5x2
2(1  x)2 log x ; (A.54)
 (i) +  
(k)
 =  
g2
82
UliCijU

l0j Gz(i; j) PL ; (A.55)
Gz(x; y) =   1
2(x  y)

x2(1  y)
(1  x) log x 
y2(1  x)
(1  y) log y

: (A.56)
Then, we have the nal expression for the eective vertex ll0Z (l 6= l0)
g
4 cos w
 z =  
g3
322 cos w
UliU

l0j [ijFz(i) + Cij Gz(i; j)] PL : (A.57)
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(a)
l l′ni
u d, s, b u
W− W+
(b)
l ni l′
u d, s, b u
W− X+
(c)
l ni l′
u d, s, b u
X− W+
(d)
l ni l′
u d, s, b u
X− X−
Figure A.3: u-type box diagrams.
A.3 Calculation of the Box Diagrams
There are two groups of box diagrams, which give contribution to the   e conversion
rate. They are u-type box diagrams (Fig. A.3) or d-type box diagrams (Fig. A.4).
The virtual quarks participating in the u-type graphs are d; s and b, while the quarks
taking part in the d-type ones are u; c and t. It is important to note that result of
the calculation of the d-type diagrams can also be applied to the box diagrams, whose
origins are d-type box diagrams with d quark replaced by negative leptons (e ;  ;  )
and virtual (u; c; t) quarks by neutrinos.
We introduce next a common function D4(x; y; z), which will be used in further calcu-
lation
D4(x; y; z) = (1  z)M2w + z

(1  y)m2i + ym2j
	
+ ::: ; (A.58)
where the dots stand for the ignored terms in the function which give subdominant
contribution to the form factor.
A.3.1 u-Type Box Diagrams
Let us start to calculate the u-type box diagrams. Using the result in [138] and ignoring
the subdominant terms, the contribution of the (a) diagram is expressed as:
Mu(a) =
g4
1282
UliU

l0iVudjV

udj
Z 1
0
dx dy dz
z(1  z)
D4(x; y; z)
[u(p4)PRu(p3)]
 [u(p2)PRu(p1)] : (A.59)
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Using
[u(p4)PRu(p3)] [u(p2)PRu(p1)] = 16 [u(p4)PRu(p3)]
 [u(p2)PRu(p1)] : (A.60)
the above equation is simplied into the form
Mu(a) =
g4
82
UliU

l0iVudjV

udj
Z 1
0
dx dy dz
z(1  z)
D4(x; y; z)
[u(p4)PRu(p3)]
 [u(p2)PRu(p1)] : (A.61)
Performing the same calculations for diagrams (b), (c) and (d), we obtain:
Mu(b; c) =
g4
642
UliU

l0iVudjV

udj
Z 1
0
dx dy dz
z(1  z)
D24(x; y; z)
m2im
2
j [u(p4)PRu(p3)]
 [u(p2)PRu(p1)] ; (A.62)
Mu(d) =
g4
1282
UliU

l0iVudjV

udj
Z 1
0
dx dy dz
z(1  z)
D4(x; y; z)
m2im
2
j [u(p4)PRu(p3)]
 [u(p2)PRu(p1)] : (A.63)
Summing up the contributions of the four graphs and carrying out the integrations with
respect to x, y and z, the result is easy to be obtained:
dX
r=a
Mu(r) =
g4
642M2w
UliU

l0iVudjV

udj

M2w

8 +
1
2
ij

Int

z(1  z)
D4(x; y; z)

+ 2M4wijInt

z(1  z)
D24(x; y; z)

[u(p4)PRu(p3)] [u(p2)PRu(p1)]
=
g4
642M2w
UliU

l0iVudjV

udj
FXBox(i; j) [u(p4)PRu(p3)]
 [u(p2)PRu(p1)] ; (A.64)
where
FBox(x; y) =
1
x  y

(4 +
xy
4
)

1
1  x +
x2
(1  x)2 log x 
1
1  y  
y2
(1  y)2 log y

  2xy

1
1  x +
x
(1  x)2 log x 
1
1  y  
y
(1  y)2 log y

: (A.65)
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(a)
l l′ni
d u, c, t d
W− W+
(b)
l ni l′
d u, c, t d
W− X+
(c)
l ni l′
d u, c, t d
X− W+
(d)
l ni l′
d u, c, t d
X− X−
Figure A.4: d-type box diagrams.
A.3.2 d-Type Box Diagrams
The d-box diagrams are calculated similarly, the result of diagram (a) is:
Md(a) =  
g4
1282
UliU

l0iVdujV

duj
Z 1
0
dx dy dz
z(1  z)
D4(x; y; z)
[u(p4)PRu(p3)]
 [u(p2)PRu(p1)] : (A.66)
Using
[u(p4)PRu(p3)] [u(p2)PRu(p1)] = 4 [u(p4)PRu(p3)]
 [u(p2)PRu(p1)] : (A.67)
we have
Md(a) =  
g4
322
UliU

l0iVdujV

duj
Z 1
0
dx dy dz
z(1  z)
D4(x; y; z)
[u(p4)PRu(p3)]
 [u(p2)PRu(p1)] : (A.68)
We also have expressions for diagrams (b), (c) and (d):
Md(b; c) =  
g4
642
UliU

l0iVdujV

duj
Z 1
0
dx dy dz
z(1  z)
D24(x; y; z)
m2im
2
j [u(p4)PRu(p3)]
 [u(p2)PRu(p1)] ; (A.69)
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Md(d) =  
g4
1282
UliU

l0iVdujV

duj
Z 1
0
dx dy dz
z(1  z)
D4(x; y; z)
m2im
2
j [u(p4)PRu(p3)]
 [u(p2)PRu(p1)] : (A.70)
Summing up the contributions obtained above, we arrive at the nal expression of the
the d-type diagram form factor:
dX
r=a
Md(r) =  
g4
642M2w
UliU

l0iVdujV

duj

M2w

2 +
1
2
ij

Int

z(1  z)
D4(x; y; z)

+ 2M4wijInt

z(1  z)
D24(x; y; z)

[u(p4)PRu(p3)] [u(p2)PRu(p1)]
=
g4
642M2w
UliU

l0iVdujV

duj
FXBox(i; j) [u(p4)PRu(p3)]
 [u(p2)PRu(p1)] ; (A.71)
where
FXBox(x; y) =   1
x  y

(1 +
xy
4
)

1
1  x +
x2
(1  x)2 log x 
1
1  y  
y2
(1  y)2 log y

  2xy

1
1  x +
x
(1  x)2 log x 
1
1  y  
y
(1  y)2 log y

: (A.72)

Appendix B
See-saw Type II Form Factor
B.1 Lagrangian and Feynman Rules
We start this section by writing down here the interested part of the see-saw type II
(Higgs triplet model) Lagrangian involving the interaction between leptons and heavy
charged scalars:
Lint = 1
2
(yN )ij

eciej
++ +
1p
2
(ciej + e
c
ij) 
+ + h:c

; (B.1)
here (yN )ij is two times bigger than hij , which was introduced in eq. (2.53).
In the framework of this calculation, we use the following Feynman rules:
- Vertexes
 li ck  
ip
2
(yN )ik PL ; (B.2)
 li lck   
i(yN )ik PL (B.3)
 (p) (p0) A
iq e (p+ p
0) ; (B.4)
 l l A
iql e  : (B.5)
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l l′
γ
(a)
l l′ξ
−−
γ
lc
k
lc
k
(b)
l l′l
c
k
ξ−− ξ−−
γ
(c)
l l′l
c
k
ξ−−
γ
(d)
l l
c
k l′
ξ−−
γ
(e)
l ν
c
k l′
ξ−ξ−
γ
(f)
l l′ν
c
k
γ
ξ−
(g)
l ν
c
k l′
ξ−
γ
= +
+ + +
+ +
Figure B.1: One-loop diagrams contribute to seesaw type-II form factor.
- Propagators
 Fermion eld
i
=k  m+ i ; (B.6)
 Scalar eld
i
k2  m2 + i : (B.7)
Here q is the heavy scalar charge, and e is the electromagnetic coupling constant.
B.2 Calculation of the See-saw Type II Form Factor
At order of one-loop correction, the Feynman diagrams which contribute to the form
factors are shown in the Fig. B.1.
From the Feynman rules listed above, the contribution of the graph (a) (see Fig. B.2)
is easy to be written down:
(a) = i(y

N )ek(yN )k
"
Z
ddk
(2)d
PR
h
(=p2   =k) +mk
i

h
(=p1   =k) +mk
i
PL
(p2   k)2  m2k
 
(p1   k)2  m2k
 
k2  M2
  
 ; (B.8)
where,  is an arbitrary mass dimensional parameter and " = 4  d .
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p1 p2p1 − k p2 − k
k
ξ−−
q
γ
lc
k
lc
k
µ e
Figure B.2: Diagram (a)
Using Feynman parametrization
1
a b c
=
Z 1
0
dx
Z 1
0
2y dy
1
[fa(1  x) + bxg y + c(1  y)]3 ; (B.9)
for a = (p1   k)2  m2k, b = (p2   k)2  m2k and c = k2  M2   , we rewrite eq. (B.8) in
the form
(a) = i(y

N )ek(yN )k 
"
Z 1
0
dx
Z 1
0
2y dy
Z
ddk
(2)d
NM
(k2  2)3 : (B.10)
Here,
NM = PR

2A0(d  2)
d
k2 +A1   y(A21 + xA22) + y2(A31 + xA32 + x2A33)

; (B.11)
A0 =  1
2
 ; A1 = m
2
k + =p2=p1 ; A21 = =p1=p1 + =p2=p2 ;
A22 = =p2=p1   =p1=p1 ; A31 = =p1=p1 ; A32 =  2=p1=p1 + =p1=p2 + =p2=p1 ;
A33 = =p1=p1 + =p2=p2   =p1=p2   =p2=p1 ;
2 = (1  y)C + yB   y(1  y)A ; (B.12)
A =M2  
 rx2   x(s   r   se) + s ; B =M2    rx2 + rx+ sk ;
C =M2   ; se; =
m2e;
M2
  
; sk =
m2k
M2
  
; r =   q
2
M2
  
: (B.13)
Performing the integration with respect to the phase space, one obtains the following
equalities: Z
ddk
(2)d
1
(k2  2)3 =  
i
3222
; (B.14)
2(d  2)
d
"
Z
ddk
(2)d
k2
(k2  2)3 =
i
162
 
CUV   1  log2

: (B.15)
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where, the ultraviolet divergence CUV is
CUV =
2
"
+ log 42 ; (B.16)
and  = 0:5772 is Euler-Mascheroni constant.
Substituting eqs. (B.14) and (B.15) into (B.10), after simplifying the result obtained,
the formula becomes:
(a) =  
A0 (y

N )ek(yN )kPL
162
(CUV   1) + A0 (y

N )ek(yN )kPL
82
Z 1
0
dx
Z 1
0
dy y log2
+
(yN )ek(yN )kPR
162
Z 1
0
dx
Z 1
0
dy

A1y   y2(A21 + xA22)
+ y3(A31 + xA32 + x
2A33)

: (B.17)
To carry out the integration with respect to x and y variables in the above formula, one
has to expand the function  in term of leading and subdominant contributions. For
2 = C(1  y) +By  Ay(1  y) with C  A;B , we have approximations:Z 1
0
dy y log2 =
1
2
logC   3
4
  1
3
A
C
  1
2
B
C
  B
C
log
B
C
; (B.18)Z 1
0
dy
y
2
=   1
C

1 + log
B
C
+
B
C
+
2B
C
log
B
C
+
5
2
A
C
+
A
C
log
B
C

; (B.19)Z 1
0
dy
y2
2
=   1
C

3
2
+ log
B
C
+
5B
2C
+
3B
C
log
B
C
+
17
6
A
C
+
A
C
log
B
C

; (B.20)Z 1
0
dy
y3
2
=   1
C

11
6
+ log
B
C
+
13B
3C
+
4B
C
log
B
C
+
37
12
A
C
+
A
C
log
B
C

: (B.21)
Applying the above equalities, while keeping in mind new notations
B0 =
B
M2
  
; A0 =
A
M2
  
; (B.22)
then the eq. (B.17) can be rewritten as:
(a) =  
A0 (y

N )ek(yN )kPL
162
(CUV   1) + I1 + I2 + I3 + I4 ; (B.23)
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I1 =  A1 (y

N )ek(yN )kPL
162M2
  
Z 1
0
dx

1 +B0 +
5
2
A0

+ (1 + 2sk + s) logB
0
+ (3r   s)x logB0   3rx2 logB0

; (B.24)
I2 =
(yN )ek(yN )kPR
162M2
  
Z 1
0
dx

(A21 +A22x)

3
2
+
5
2
B0 +
17
6
A0

+ A21(1 + 3sk + s) logB
0 + fA21(4r   s) +A22(1 + 3sk + s)gx logB0
+ f A21(4r   se) +A22(4r   s)gx2 logB0  A22(4r   se)x3 logB0

; (B.25)
I3 =  (y

N )ek(yN )kPR
162M2
  
Z 1
0
dx

(A31 +A32x+A33x
2)

11
6
+
13
3
B0 +
37
12
A0

+ A31(1 + 4sk + s) logB
0 + fA31(5r   s) +A32(1 + 4sk + s)gx logB0
+ fA33(1 + 4sk + s) A31(5r   se) +A32(5r   s)gx2 logB0
  fA32(5r   se) A33(5r   s)gx3 logB0  A33(5r   se)x4 logB0

; (B.26)
I4 =
A0 (y

N )ek(yN )kPL
82
Z 1
0
dx

1
2
logC   3
4
  1
3
A0   1
2
B0

  sk logB0
  rx logB0 + rx2 logB0 : (B.27)
Taking the integration with respect to x, then keeping only the leading terms, after
rearranging the result, one gets:
(a) =
(yN )ek(yN )kPL
322
CUV +
(yN )ek(yN )kPL
162

1
4
  5r
36
  sk
2
+
se + s
6
  1
2
logM2 +
r
6
f(r; sk)

+
(yN )ek(yN )kPL
162M2
  

  5
36
+
f(r; sk)
6

 (=p1=p1 + =p2=p2) 
(yN )ek(yN )kPL
162M2
  

1
36
+
f(r; sk)
6

=p1=p2
+
(yN )ek(yN )kPL
162M2
  

17
36
  f(r; sk)
6

=p2=p1 : (B.28)
Here, the well-known function f(r; sk) is
f(r; sk) =
4sk
r
+ log(sk) +

1  2sk
r
 r
1 +
4sk
r
log
p
r + 4sk +
p
rp
r + 4sk  
p
r
: (B.29)
Similarly, we also have the contribution of the diagrams (b) (see Fig. B.3) to the form
factor
(b) =  2i(yN )ek(yN )k"
Z
ddk
(2)d
PR(=k +mk)PL(p1 + p2   2k) 
k2  m2k
 h
(p2   k)2  M2  
i h
(p1   k)2  M2  
i :
(B.30)
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p1 p2p1 − k p2 − k
k
lc
k
q
γ
ξ−− ξ−−µ e
Figure B.3: Diagram (b)
After using the Feynman parametrization, eq. B.30 becomes
(b) =  2i(yN )ek(yN )k "
Z 1
0
dx
Z 1
0
2y dy
Z
ddk0
(2)d
PR NM
(k02  2)3 ; (B.31)
k0 = k   [p1(1  x) + p2x] y ; (B.32)
2 = [p1(1  x) + p2x]2 y2 +M2  y +m2k(1  y) 

p21(1  x) + p22x

y : (B.33)
For M    m, in order to expand 2 in leading and subdominant terms, one has to
change y ! 1  y. After changing the variable, we have
(b) =  2i(yN )ek(yN )k "
Z 1
0
dx
Z 1
0
2(1  y) dy
Z
ddk00
(2)d
PR NM
(k002  2)3 ; (B.34)
k00 = k   [p1(1  x) + p2x] (1  y) ; (B.35)
2 = (1  y)C + yB + C1y2 + C2y + C3 ; C =M2   ; (B.36)
B =M2  ( rx2 + rx+ sk) ; C1 =M2  
 rx2 + x(se + r   s) + s ; (B.37)
C2 =M
2
  

3rx2 + x(s   3r   se)  s

; C3 =M
2
  rx(1  x) ; (B.38)
NM =
2B0
d
k2 + (1  y)B1 + (1  y)2B2 ; B0 =   ; (B.39)
B1 = (1  x)(=p1p1 + =p1p2) + x(=p2p1 + =p2p2) ; (B.40)
B2 =  2
h
(1  x)2=p1p1 + x(1  x)=p1p2 + x(1  x)=p2p1 + x2=p2p2
i
: (B.41)
Using eq. (B.14) and
2
d
"
Z
ddk
(2)d
k2
(k2  2)3 =
i
322
 
CUV   log2

; (B.42)
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
(b)
 is arrived at:
(b) =  
(yN )ek(yN )kPR
82
Z 1
0
dx
Z 1
0
dy

(1  y)2
2
B1 +
(1  y)3
2
B2
+ (1  y)B0 log2

+
(yN )ek(yN )kPR
162
B0 CUV : (B.43)
The nal expression for 
(b)
 is obtained after performing the integration with respect to
the Feynman variables x and y:
(b) =  
(yN )ek(yN )kPL
162
CUV   (y

N )ek(yN )kPL
82

1
4
  r
18
  sk
2
+
se + s
12
  1
2
logM2

  (y

N )ek(yN )kPR
82

=p1p1
36
+
5=p1p2
36
+
5=p2p1
36
+
=p2p2
36

: (B.44)
Here, one has used the approximations:Z 1
0
dy(1  y) log2 =  1
4
+
B
2C
+
C1
3C
+
C2
2C
+
C3
C
+
1
2
logC ; (B.45)Z 1
0
dy
(1  y)2
2
=
1
C

1
2
  B
2C
  C1
3C
  C2
2C
  C3
C

; (B.46)Z 1
0
dy
(1  y)3
2
=
1
C

1
3
  B
6C
  C1
12C
  C2
6C
  C3
2C

: (B.47)
Let us continue by calculating the diagram (c). From the Fig. B.4, applying the
Feynman rules quoted above, it is not dicult to have
(c) = i
(yN )ek(yN )k
m2  m2e
"
Z
ddk
(2)d
PR =k(=p2 +m) 
k2  m2k
 h
(p2   k)2  M2  
i : (B.48)
µ e
γ
ξ−−
lc
k
k p2p1 p2
q
p2 − k
Figure B.4: Diagram (c)
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After few steps of modifying, eq. (B.48) becomes
(c) = i
(yN )ek(yN )k
m2  m2e
"
Z
ddk0
(2)d
(1  x)(m2ePR +mmePL)
(k02  2e)2
; (B.49)
k0 = k + (1  x)p2; 2e =M2  (1  x) +m2kx m2ex(1  x) : (B.50)
To arrive at eq. (B.49) expression, we have used the Feynman parametrization
1
a b
=
Z 1
0
dx
[a(1  x) + bx]2 ; (B.51)
for a = (p2   k)2  M2   and b = k2  m2k .
Performing the integration in D dimensional phase space, the result reads
"
Z
ddk
(2)d
1
(k2  2)2 =
i
162
 
CUV   log2

: (B.52)
Substituting eq. (B.52) into eq. (B.49), it is easy to get
(c) =  
(yN )ek(yN )k
322
(m2ePR +mmePL)
m2  m2e

CUV   2
Z 1
0
dx(1  x) log2e

: (B.53)
The contribution of the (d) diagram to the form factor can be obtained directly from
eq. (B.53) by exchanging me and m. The result is straightforward
(d) =
(yN )ek(yN )k
322
(m2PR +mmePL)
m2  m2e

CUV   2
Z 1
0
dx(1  x) log2

; (B.54)
(B.55)
where
2 =M
2
  (1  x) +m2kx m2x(1  x) : (B.56)
After expanding e; in a series of leading and subdominant terms, the integrations
with respect to x in eqs. (B.53) and (B.54) are easy to be carried out, the results read:Z 1
0
dx(1  x) log2e =
1
2
logM2    
1
4
  1
6
se +
1
2
sk ; (B.57)Z 1
0
dx(1  x) log2 =
1
2
logM2    
1
4
  1
6
s +
1
2
sk : (B.58)
B.2 Calculation of the See-saw Type II Form Factor 111
Using above equations, while keeping in mind equality memPR = PR=p2=p1, the sum
of the diagrams (c) and (d) becomes
(c) + 
(d)
 =
(yN )ek(yN )kPL
322
CUV +
(yN )ek(yN )kPL
162

 1
2
logM2   +
1
4
+
se + s
6
  1
2
sk

+
(yN )ek(yN )k
162
PR =p2=p1
6
: (B.59)
The eective coupling, which is contributed by the doubly-charged scalar is now straight-
forward to be obtained by summing up the results of the rst four diagrams
(
  )
 =
dX
i=a
(i) =
1(
  )
 +
2(
  )
 ; (B.60)
1(
  )
 =
(yN )ek(yN )k
162
f(r; sk)
6M2
  

=p1=p1   =p1=p2   =p2=p1 + =p2=p2   q2

PL ;
(B.61)
2(
  )
 =
(yN )ek(yN )kPL
162

  r
36
+
se + s
6

+
(yN )ek(yN )k
162
PL
36M2
  

 5=p1=p1
  =p1=p2 + 23=p2=p1   5=p2=p2   2=p1p1   10=p1p2   10=p2p1   2=p2p2

:
(B.62)
As a property of the form factors with photon exchange, it is possible to write eqs.
(B.61) and (B.62) in the gauge covariant forms. For 1
(  )
 , after using
=q=q =  q2 + 2qq ; (B.63)
the formula is arrived at
1(
  )
 =  
(yN )ek(yN )k
482M2
  
f(r; sk)
 
q2   qq

PL ; (B.64)
which is gauge covariant as being expected.
For the case of 2
(  )
 , one has
2(
  )
  
  q2   6m2e   6m2+ 5=p1=p1 + =p1=p2   23=p2=p1 + 5=p2=p2 + 2=p1p1
+ 10=p1p2 + 10=p2p1 + 2=p2p2
= 
 7m2e   7m2 + 2(p1p2)+ 12=p1(p1 + p2) + 12=p2(p1 + p2)   10=p1p1
  10=p2p2   2=p1p2   2=p2p1 + 5=p1=p1 + 5=p2=p2 + =p1=p2   23=p2=p1 ; (B.65)
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2(
  )
 =  
(yN )ek(yN )k
482M2
  
h
(=p1 + =p2)(p1 + p2)   (m2e +m2)   2=p2=p1
i
PL : (B.66)
Here, to obtain eq. (B.66) from eq. (B.65), one has used:
=pq =
1
2
(=p=q + =p=q) =
1
2
(=q=p+ =q=p) =
1
4
(=p=q + =q=p+ =p=q + =q=p) ; (B.67)
1
2
(=p1=p2 + =p2=p1) +
1
2
(=p1=p2 + =p2=p1) = 2(p1p2) : (B.68)
From eq. (B.66), it is straightforward to have (see eqs. (A.29) and (A.30))
u(p2)
2(
  )
 u(p1) =  
(yN )ek(yN )k
482M2
  
u(p2) [mePLiq
 +mPRiq
 ]u(p1) ; (B.69)
or
2(
  )
 =  
(yN )ek(yN )k
482M2
  
[mePLiq
 +mPRiq
 ] : (B.70)
In the same way, it is not dicult to calculate the diagrams (e), (f) and (h) with the
participation of singly charged scalar, the result reads:
(
 )
 =
hX
i=f
(i) =
1(
 )
 +
2(
 )
 ; (B.71)
1(
 )
 =  
(yN )ek(yN )k
12 482M2
 
 
q2   qq

PL ; (B.72)
2(
 )
 =  
(yN )ek(yN )k
8 482M2
 
[mePLiq
 +mPRiq
 ] ; (B.73)
Finally, gathering the results of the calculation, we have the one-loop form factor for
type II see-saw model (HTM) with the participation of both singly and doubly charged
scalars:
1 =  (y

N )ek(yN )k
482
 
1
12M2
 
+
f(r; sk)
M2
  
! 
q2   qq

PL ; (B.74)
2 =  (y

N )ek(yN )k
482M2
 
 
1
8M2
 
+
1
M2
  
!
[mePLiq
 +mPRiq
 ] : (B.75)
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